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Abstract—Phased arrays, commonly used in IEEE 802.11ad
and 5G radios, are capable of focusing radio frequency signals
in a specific direction or a spatial region. Beamforming achieves
such directional or spatial concentration of signals and enables
phased array-based radios to achieve high data rates. Designing
beams for millimeter wave and terahertz communication using
massive phased arrays, however, is challenging due to hardware
constraints and the wide bandwidth in these systems. For
example, beams which are optimal at the center frequency may
perform poor in wideband communication systems where the
radio frequencies differ substantially from the center frequency.
The poor performance in such systems is due to differences in the
optimal beamformers corresponding to distinct radio frequencies
within the wide bandwidth. Such a mismatch leads to a misfocus
effect in near field systems and the beam squint effect in far
field systems. In this paper, we investigate the misfocus effect
and propose InFocus, a low complexity technique to construct
beams that are well suited for massive wideband phased arrays.
The beams are constructed using a carefully designed frequency
modulated waveform in the spatial dimension. For the special
case of beamforming along the boresight of an array, this
waveform is analogous to the frequency modulated continuous
wave (FMCW) chirp signal in radar. InFocus mitigates beam
misfocus and beam squint when applied to near field and far
field systems. Simulation results indicate that InFocus enables
massive wideband phased array-based radios to achieve higher
data rates than comparable beamforming solutions.
Index Terms—Near field communication, Mm-wave, Tera-
hertz, Misfocus compensation, Beam squint compensation, spatial
FMCW
I. INTRODUCTION
The progress in circuit technology has allowed wireless
communication at higher carrier frequencies where large band-
widths are available. For example, IEEE 802.11ay compli-
ant millimeter wave (mmWave) radios operate at a carrier
frequency of 60 GHz and use a bandwidth of up to 8 GHz
[1]. The bandwidth of next generation terahertz (THz) ra-
dios is expected to be in the order of several hundreds of
GHz to support emerging applications such as holographic
projection, virtual reality, augmented reality, and chip-to-chip
communication [2]. Due to the small wavelengths in high
carrier frequency-based systems, it is possible to integrate
large antenna arrays in compact form factors. Beamforming is
an important technology in these systems that allows the use of
large antenna arrays to focus radio frequency (RF) signals. A
N. J. Myers (nitinjmyers@utexas.edu) and R. W. Heath Jr.
(rheath@utexas.edu) are with the Wireless Networking and Communications
Group, The University of Texas at Austin, Austin, TX 78712 USA. This
research was supported by the National Science Foundation under grant
numbers NSF-CNS-1702800 and NSF-CNS-1731658.
good beamforming technique results in a sufficient link margin
at the receiver and high data rates.
Beamforming in near field systems where the transceiver
distance is smaller than the Fraunhofer distance [3], is different
from the conventional far field counterpart. While far field
beams focus RF signals along a direction, the near field beams
focus them in a spatial region [4]. The center of this spatial
region is defined as the focal point. Near field beamforming is
useful for short range communication which is typical in data
centers, wearable networks, and kiosk downloading stations.
The phased array, i.e., an array of phase shifters, is a hardware
architecture that is commonly used for beamforming. Similar
to beam steering in a far field system, the phased array can
steer the focal point electronically in a near field scenario [5].
In this paper, we consider a line-of-sight (LoS) scenario and
study near field beamforming using such phased arrays.
Standard near field beamforming solutions that are based on
the center frequency suffer from the misfocus effect in phased
arrays. In phased arrays, the phase shifts may be realized
by first scaling the in-phase and the quadrature-phase signals
using digitally controlled variable gain amplifiers, and then
adding the scaled signals [6]. In this case, the phase shifts are
constant across the entire frequency band and the resultant
beamforming weights are frequency flat. In large antenna
arrays that operate at high bandwidths, however, the array
response varies substantially with the frequency [7]. The stan-
dard beamforming approach tunes the beamforming weights
according to the array response at the center frequency. Al-
though such an approach maximizes the signal power at the
center frequency, it results in a reduced beamforming gain at
frequencies that are different from this frequency [8]. The poor
gain is because the focal point in the standard beamforming
method shifts with the frequency of the RF signal. We call
this the misfocus effect. Misfocus limits the effective operating
bandwidth of the phased array and leads to poor performance
in wideband systems.
A common approach to mitigate misfocus is to use true
time delay (TTD)-based arrays instead of phase shifter-based
arrays [9]. Using these arrays, the delay of the RF signal can
be electronically controlled at each antenna. The beamforming
weight realized with such an array is frequency selective and
helps achieve large gains over wide bandwidths. Unfortunately,
TTD-based arrays result in a higher implementation cost,
occupy a larger area, and require a higher power consumption
than typical phase shifter-based arrays [10], [11]. The TTD-
array, however, is a reasonable solution that is proposed by the
circuits community. An interesting question is if it is possible
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2to use phase shifter-based arrays over wide bandwidths. In
this paper, we answer this question by proposing a signal
processing solution called InFocus to mitigate the misfocus
problem in phase shifter-based arrays.
InFocus constructs beams that achieve robustness to misfo-
cus when compared to standard beamforming. Constructing
such beams, equivalently the phase shifts, is a hard prob-
lem due to hardware constraints. For example, the constant
magnitude constraint on the beamforming weights is common
in phase shifter-based implementations. In addition, only a
discrete set of phase shifts can be applied at the antennas
due to the finite resolution of phase shifters. The near field
characteristic of the channel response in short range scenarios
further complicates the problem. To the best of our knowledge,
prior work has not studied beamformer design for misfocus
mitigation in near field phased arrays. We would like to
mention that InFocus can also be used in far field systems
for robustness to the beam squint effect. This is because far
field systems can be interpreted as a special instance of a near
field system where the transceiver distance is sufficiently large.
The beam squint effect in far field phased arrays is analo-
gous to the misfocus effect. Beam squint occurs because the
beamforming direction of standard beams changes with the
operating frequency [7]. As a result, it limits the effective op-
erating bandwidth. Prior work has addressed the beam squint
problem in far field system by designing denser beamforming
codebooks [10]. A semidefinite relaxation (SDR)-based beam
optimization technique was proposed in [11] for far field
systems. Although the SDR-based approach in [11] can be
applied for misfocus mitigation in the near field setting, it
has a high complexity when compared to our method. The
technique in [11] involves convex optimization over an N2
dimensional variable for an N element antenna array. In
this paper, we consider planar arrays with N = 0.1 million
antennas. The procedure in [11] requires an unreasonably high
complexity for such dimensions. Therefore, it is important to
develop robust beam design techniques that are scalable to
large antenna arrays.
In this paper, we develop InFocus to design misfocus robust
beamformers for a short range LoS setting with a phased array-
based transmitter (TX) and a single antenna receiver (RX). We
summarize the main contributions of our work as follows.
• We investigate the beamforming capability of a short
range LoS system which uses a circular planar phased
array. Then, we determine conditions on the array size,
the transceiver distance, and the bandwidth for which
standard beamforming results in a misfocus effect.
• We construct a spatial phase modulation function to
mitigate the misfocus effect for receivers on the boresight
of the transmit array. Our construction uses a spatial fre-
quency modulated continuous waveform (FMCW) chirp
along the radial dimension of the transmit array. We show
how the parameters of this chirp can be derived from the
array geometry and the operating bandwidth.
• For receivers that are not on the boresight of the TX
array, we design a new phase modulation function to
mitigate misfocus. The designed function has a non-linear
frequency modulation profile which is determined using
the stationary phase method.
• We evaluate the performance with InFocus-based beams
and compare it with the standard beamforming method.
Our results indicate that the beams designed with our
approach result in an approximately flat beamforming
gain over a wide bandwidth, and enable massive phased
arrays to achieve a higher data rate than comparable
techniques.
InFocus does not require any iterative optimization and has
a low complexity than the approach in [11]. In this paper,
we assume that the location of the RX is known at the TX
and focus on the misfocus robust transmit beam alignment
problem. This location information may be available through
near field channel estimation or localization algorithms [12],
[13]. We do not model any reflections in the propagation
environment. Extending our method to richer propagation
scenarios is left for future work. An implementation of our
technique is available on our github page [14].
The rest of the paper is organized as follows. In Section II,
we describe the system and channel model in a phased array-
based system. We discuss near field beamforming in Section
III and the misfocus effect in Section IV. Section V is the main
technical section of the paper, where we explain the InFocus
technique. We describe our FMCW chirp-based design and the
use of the stationary phase method in Section V. Simulation
results are presented in Section VI, before the conclusions and
future work in Section VII.
II. SYSTEM AND CHANNEL MODEL
We consider a wireless system operating over a bandwidth
of B around a carrier frequency of fc. The wavelength at this
carrier frequency is defined as λc = c/fc where c is the speed
of light. We consider a circular planar antenna array of radius
R at the transmitter (TX) as shown in Fig. 1a. The TX array
lies in the xy plane and has Ntx isotropic antennas. We define
∆ as the spacing between successive antenna elements along
the x and y dimensions. The coordinate corresponding to the
center of the TX array is defined as the origin (0, 0, 0). The
set of 2D coordinates associated with the antennas in the array
is defined as SD. The set SD has Ntx coordinates that satisfy
x2 + y2 ≤ R2 and z = 0. The RF front end at the TX is
comprised of a single RF chain and a network of Ntx phase
shifters. By configuring the phase shifters in the phased array,
the TX can direct its RF signals to maximize signal power at
the RX.
We consider a single antenna receiver in an LoS scenario
and focus on the transmit beamforming problem. Extending
InFocus to mitigate beam misfocus in receivers with large
arrays is an interesting research direction. We assume that the
RX is at a distance of ` from the center of the TX array.
The ray joining the origin and the RX makes an angle γ
with the normal to the transmit array, as shown in Fig. 1b.
We also assume that the RX lies in the xz plane without
loss of generality. Such an assumption is reasonable due to
the “symmetric” nature of the circular transmit array. The
location of the RX is then (−` sin γ, 0, ` cos γ). An LoS
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(a) A circular planar array at the TX.
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(b) An LoS communication scenario
Fig. 1: The figure shows an LoS communication system with a 2D-
circular planar array of radius R at the TX and a single antenna RX.
We assume that the TX and the RX lie on the xy and xz planes. The
line joining the center of the TX and the RX is of length `. This line
makes an angle γ with the boresight direction, i.e., the z−axis.
system is considered as near field if the transceiver distance
is smaller than the Fraunhofer distance, i.e., d  8R2/λc
[3]. Communication in the near field regime is common
in short range applications which use large antenna arrays
and high carrier frequencies. One such application is kiosk
downloading in the mmWave or the terahertz bands where
the transceiver distance is about 50 cm [15]. This distance
can be smaller than the far field limit of large phased arrays
which operate at high carrier frequencies. For example, a
10 cm × 10 cm antenna array in a 60 GHz kiosk results in
a Fraunhofer distance of 400 cm. Prior work on reflectarrays
has experimentally demonstrated such an antenna array for
near field beamforming [5]. In this paper, we design beams to
enable efficient wideband data transmission in such near field
systems.
Now, we explain the wideband multiple-input single-output
(MISO) channel model for the near field LoS system shown
in Fig. 1b. We use h(x, y, f) to denote the channel between
the TX antenna at (x, y) ∈ SD and the receive antenna for a
frequency of f . The distance between these antennas is defined
as
`(x, y) =
√
(x+ ` sin γ)2 + y2 + `2 cos2 γ. (1)
For the LoS setting in Fig. 1b, h(x, y, f) can be expressed as
[16]
h(x, y, f) =
c
2pif`(x, y)
e−j 2pif`(x,y)/c, (2)
where j =
√−1. The channel model in (2) does not account
for reflections or scattering in the propagation environment.
Furthermore, the model ignores frequency dependent atmo-
spheric absorption effects [17]. These assumptions simplify
the robust beamforming problem and lead to a closed form
expression for the beamforming weights.
We now discuss transmit beamforming in a short range LoS
system. With the phased array architecture, the TX can control
the RF signal transmitted from an antenna using a beam-
forming weight. We use w(x, y) to denote the beamforming
weight applied to the TX antenna at (x, y) ∈ SD. The Ntx RF
signals transmitted by the TX sum at the RX. In this case, we
define g(f) as the equivalent frequency domain single-input
single-output (SISO) channel between the TX and the RX.
The equivalent channel at frequency f is given by
g(f) =
∑
(x,y)∈SD
w(x, y)h(x, y, f). (3)
We assume that the TX can only change the phase of the
RF signals at the antenna. For a phase shift of φ(x, y), the
beamforming weight with appropriate power normalization is
w(x, y) =
ejφ(x,y)√
Ntx
. (4)
The phase profile used by the TX array is {φ(x, y)}(x,y)∈SD
and the corresponding beamformer is {w(x, y)}(x,y)∈SD . Prac-
tical phased array-based implementations only allow a coarse
phase control of the RF signal due to the finite resolution of the
phase shifters. In this paper, we first consider fine phase control
to design phase profiles that result in misfocus robust beams.
Then, the designed phase profiles are quantized according to
the resolution of the phase shifters and are applied at the TX.
An ideal beamformer, equivalently the phase profile, is one
that maximizes |g(f)| at all frequencies within the desired
bandwidth. Such a beamformer must be frequency selective as
the channel in (2) varies with the frequency. Unfortunately, the
frequency independent constraint on w(x, y) which is common
in phase shifter-based arrays [6], [18], does not allow the
application of the ideal beamformer [19]. Recent work has
shown that frequency selective beamforming can be achieved
with true time delay-based beamforming architectures [20]–
[22]. Although TTD-based arrays are robust to misfocus and
beam squint, they require a higher implementation complexity
than traditional phase shifter-based arrays [23]. Furthermore,
TTD elements usually result in a higher insertion loss than
phase shifters [10]. Recent work on mmWave beamforming
at 28 GHz has reported insertion losses of about 10 dB for a
TTD element [24] versus 6 dB for a phase shifter [25]. In this
paper, we focus on phase shifter-based arrays and construct
new beams that achieve robustness to misfocus and beam
squint.
Our design ignores the orientation of the receive antenna
and assumes that the transmit and receive antennas are co-
polarized. Although such an assumption is made for simplicity
of exposition, our solution can be applied in practical set-
tings. In dual polarization beamforming systems, the misfocus
robust beams derived in this paper can be used along both
the horizontal and vertical polarization dimensions. Another
approach to mitigate orientation mismatch is by using dynamic
polarization control devices at the TX or the RX [26]. These
devices can electronically change the polarization angle of
the transmitted or the received signal, and allow applying
the proposed beamforming solutions even under an orientation
mismatch.
III. BEAMFORMING IN NEAR FIELD SYSTEMS
DEMYSTIFIED
In this section, we explain the phase profiles associated with
near field beamforming based on the center frequency. We also
4approximate the discrete sum associated with g(f) in (3) to
an integral. In Section V, we will use this approximation for
a tractable design of the misfocus robust beamformers.
The goal of beamforming is to adjust the phase shifts
{φ(x, y)}(x,y)∈SD to maximize the received signal power.
The standard beamforming method adjusts the phase shifts to
maximize |g(fc)|2, i.e., the energy of the equivalent channel
response at the center frequency fc. We define these phase
shifts as {φstd(x, y)}(x,y)∈SD . The phase profile φstd(x, y)
corresponding to the channel in (2) is
φstd(x, y) =
2pifc`(x, y)
c
. (5)
An example of this profile is shown in Fig. 2b for fc =
300 GHz, γ = 0◦, R = 10 cm and ` = 15 cm. The hyperbolic
structure of such a phase profile allows near field systems to
focus signals in a spatial region [4]. To illustrate the spatial
focusing effect, we evaluate the received power along the z
axis when the TX directs its signal to an RX at (0, 0, 15 cm).
It can be observed from Fig. 2c that the received power is
concentrated in a small region of 1 cm around the RX.
Now, we approximate the discrete sum in g(f) to an
integral. The approximation considers an imaginary transmitter
(ITX) with a continuous aperture of radius R. The set of
coordinates within this aperture is defined as
S = {(x, y) : x2 + y2 ≤ R2}. (6)
We observe from (6) that the ITX contains an uncountably
infinite number of antennas. The concept of an ITX was
discussed in [27] under the label of hologram-based beam-
forming. For such an ITX, we assume that a continuous phase
profile φ(x, y), a 2D-function supported on S, can be applied
to control the RF signals going out of the infinitesimally
small antennas. In the discrete antenna setting with Ntx
antennas, the energy of the beamforming weight profile in
(4), i.e.,
∑
(x,y)∈SD |w(x, y)|2, is 1. Similarly, a unit energy
beamforming weight profile at the ITX is defined as w(x, y) =
ejφ(x,y)/
√
piR2 for (x, y) ∈ S. Note that ∫S |w(x, y)|2 = 1.
The channel between the ITX and the RX is modeled using
(2). Analogous to g(f) in (3), the equivalent SISO channel
when the ITX applies a continuous phase profile φ(x, y) is
defined as
ga(f) =
1√
piR2∆
∫
S
h(x, y, f)ejφ(x,y)dxdy (7)
=
c
2pi3/2Rf∆
∫
S
1
`(x, y)
ej(φ(x,y)−
2pif`(x,y)
c )dxdy. (8)
The function ga(f) in (8) is interpreted as a continuous
approximation of g(f) in (3). Equivalently, g(f) is a Rie-
mann sum approximation of ga(f) [28]. The error in the
approximation, i.e., |g(f) − ga(f)|, is O(K/Ntx) where K
is an upper bound on the second order partial derivatives of
h(x, y, f)w(x, y) along the x and y dimensions.
We would like to highlight that the approximate SISO
channel ga(f) is just a mathematical concept which aids
robust beamformer design, and the model in (7) may not be
relevant in practical systems due to several constraints. First,
it remains unclear how phase control at an infinitesimal level
can be implemented using known RF components. Second, the
design of a digital computer interface to control the aperture
is challenging. Although holographic or metasurface beam-
forming mark a step towards such continuous aperture arrays,
these technologies are still based on discrete components. It
is important to note that the notion of ITX in our problem is
adopted because integrals are easy to deal with than discrete
summations. The idea underlying the beamformer design tech-
nique in this paper is to first design a continuous phase profile
φ(x, y) that achieves robustness to beam misfocus. Then, the
phase profile is sampled at the coordinates in SD for use in
a practical system with Ntx antennas. The simulation results
discussed in this paper are for the discrete antenna-based TX,
while our analysis is for the ITX which has a continuum of
antennas.
IV. BEAM MISFOCUS EFFECT:
HOW MUCH BANDWIDTH IS TOO MUCH?
In this section, we investigate the performance of the
standard beamforming method when the receiver is along the
boresight of the transmit array, i.e., γ = 0◦. We explain how
such a technique suffers from the beam misfocus effect in near
field wideband systems.
We now consider the system in Fig. 2a where the RX
is along the z−axis and study beamforming with the phase
profile in (5). For such a phase profile, we define ga,std(f)
as the equivalent SISO channel between the ITX and the RX.
We substitute φ(x, y) = φstd(x, y) in (8) to write
ga,std(f) =
c
2pi3/2Rf∆
∫
S
1
`(x, y)
e−j
2pi(f−fc)`(x,y)
c dxdy.
(9)
Setting γ = 0◦ in (1), we observe that `(x, y) =√
x2 + y2 + `2 for a boresight scenario. We define r =√
x2 + y2 and θ = tan−1(y/x), i.e., the polar coordinates
associated with (x, y), to rewrite the integral in (9) as
ga,std(f) =
c
2pi3/2Rf∆
×∫ R
r=0
∫ 2pi
θ=0
1√
r2 + `2
e−j
2pi(f−fc)
√
r2+`2
c rdrdθ. (10)
We define spatial frequency, with units of radians/m, as
ω = 2pi(f − fc)/c (11)
and davg = (` +
√
`2 +R2)/2. We observe that ω ∈
[−piB/c, piB/c] for f ∈ [fc − B/2, fc + B/2]. A closed
form expression for the equivalent SISO channel is derived in
Appendix-A. We define sinc(x) = sinx/x and write ga,std(f)
in compact form as
ga,std(f) =
2c(davg − `)e−jωdavg√
piRf∆
×sinc (ω(davg − `)) . (12)
The equivalent SISO channel ga,std(f) in (12) is a product of
two terms which are frequency dependent.
For wideband systems in the near field, the energy of
the equivalent channel between the ITX and the RX, i.e.,
|ga,std(f)|2, varies substantially with the frequency. To il-
lustrate this variation, we consider a boresight scenario with
5x
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(a) Example of a boresight scenario (b) Phase profile φstd(x, y)
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(c) Received power with φstd(x, y)
Fig. 2: We consider a boresight scenario with a half-wavelength spaced array at the TX. Here, fc = 300 GHz, R = 10 cm, ∆ = λc/2
and ` = 15 cm. The phase profile in standard beamforming is shown in Fig. 2b. When this profile is applied at the TX, the RF signals are
spatially concentrated around the RX at 15 cm as shown in Fig. 2c.
∆ = λc/2, R = 10 cm, ` = 15 cm and fc = 300 GHz. In
Fig. 3a, we show the energy in the channel response, i.e.,
|ga,std(f)|2. We also show its discrete antenna counterpart
defined as |gstd(f)|2. Here, gstd(f) is the equivalent SISO
channel between the discrete antenna TX and the RX, and
is obtained by setting w(x, y) = ejφstd(x,y)/
√
Ntx in (3).
We notice from Fig. 3a that the normalized channel response
with standard beamforming achieves it maximum at the center
frequency. The gain at 310 GHz, however, is about 41 dB
lower than the maximum. The poor gain at frequencies that
are far away from the center frequency is a disadvantage with
standard beamforming in phase shifter-based arrays.
The poor gain with standard beamforming in near field
wideband systems can be explained by the misfocus effect.
An ideal beamformer is one that focuses RF signals with
frequencies in [fc − B/2, fc + B/2] at the desired receiver.
The focus point of the standard beamformer, however, changes
with the frequency leading to the beam misfocus effect. From
Fig. 3b, the focus point is closer to the TX for f < fc and
is away from the TX for f > fc. Such an effect is analogous
to chromatic abberation in optics where light rays of different
wavelengths focus at different points [29]. Due to the misfocus
effect, the receiver can only listen to signals within a small
bandwidth around the center frequency. But, how small is
this bandwidth? To answer the question, we consider the two
terms in (12) whose product is the equivalent channel ga,std.
The first term in the product is inversely proportional to the
frequency. The second term, which depends on the frequency
through ω, leads to a substantial decrease in the beamforming
gain. For the system parameters in Fig. 3a, we compute the
first and second terms in (12). These terms contribute to a
beamforming loss of 0.3 dB and 41 dB at 310 GHz, when
compared to |g(fc)|2. The condition for which the loss due
to the second term is less than 4 dB is expressed as∣∣∣∣∣ω(
√
`2 +R2 − `)
2
∣∣∣∣∣ < pi2 . (13)
We use |ω| ≤ piB/c in (13) to conclude that the receiver
observes “all” the RF signals when
B <
c√
`2 +R2 − ` . (14)
It follows from (14) that the effective operating bandwidth with
standard beamforming decreases as the TX antenna aperture
radius R increases.
The far field analogue of misfocus is the beam squint effect
in which the direction of the beam changes with the frequency
of the RF signal. Interestingly, far field beams that are di-
rected along the boresight of an array do not suffer from the
squint [10]. Near field beamforming with the standard design,
however, suffers from misfocus even in a boresight scenario
as seen in Fig. 3b. One approach to mitigate misfocus is to
reduce the effective aperture of the TX array by turning off the
antennas which are far from the TX center. The resultant array
with fewer active antennas is called a thinned array. It can be
observed from (14) that a smaller R results in a larger effective
operating bandwidth. Reducing the aperture, however, results
in lower received power under the typical per-antenna power
constraint. Is it possible to design new beams, equivalently
phase profiles, that can mitigate the misfocus effect without
turning off any antenna? In this paper, we propose InFocus
to design such phase profiles. The proposed beams achieve
close to uniform beamforming gain over wide bandwidths.
This gain, however, is smaller than the maximum gain with
the standard beamformer, i.e., |ga,std(fc)|2. In Section VI, we
show that the beams with InFocus lead to a higher rate than
the standard beams in phased arrays.
V. MISFOCUS ROBUST BEAMFORMING WITH INFOCUS
The key idea underlying InFocus is to add a carefully
designed phase profile to that of the standard beamformer
for robustness to misfocus. We define ψdes(x, y) as the phase
profile added to φstd(x, y). The resultant phase applied at the
TX is
φ(x, y) = φstd(x, y) + ψdes(x, y), (15)
where φstd(x, y) = 2pifc`(x, y)/c. We consider the continuous
aperture system with an ITX to design ψdes(x, y). Substituting
6280 285 290 295 300 305 310 315 320
-50
-45
-40
-35
-30
-25
-20
-15
-10
-5
(a) Channel response at the RX for φstd(x, y).
(b) Received power (dB) with the standard beamformer.
Fig. 3: For the system in Fig. 2a, we observe from Fig. 3a that the
equivalent SISO channel with the standard beam has a low gain for
|f−fc| > 10 GHz. Here, fc = 300 GHz, ∆ = 0.5 mm, R = 10 cm
and ` = 15 cm. Fig 3b shows that the focus point changes with the
frequency of operation when the TX applies φstd(x, y) to its array.
φ(x, y) = 2pifc`(x, y)/c + ψdes(x, y) in (8), the equivalent
SISO channel for this system can be expressed as
ga(f) =
c
2pi3/2Rf∆
∫
S
1
`(x, y)
ejψdes(x,y)e−j
2pi(f−fc)`(x,y)
c dxdy
(16)
=
c
2pi3/2Rf∆
∫
S
1
`(x, y)
ejψdes(x,y)e−jω`(x,y)dxdy.
(17)
The question at this point is if it is possible to determine
a 2D-phase function ψdes(x, y) that results in a “uniform”
beamforming gain for f ∈ [fc −B/2, fc +B/2].
For a tractable design of the phase profile, we ignore the
1/f scaling in (17) and define
g˜(f) =
∫
S
1
2pi`(x, y)
ejψdes(x,y)e−jω`(x,y)dxdy. (18)
We observe that ga(f) = cg˜(f)/(
√
piRf∆). InFocus con-
structs ψdes(x, y) such that |g˜(f)|2 is approximately flat over
the desired bandwidth. Our design ignores the 1/f term in
ga(f) as it leads to a smaller variation in |ga(f)|2 when
compared to the integral in (17). For example, the variation in
|ga(f)|2 due to the 1/f term is 20 log10(320/280) ≈ 1.2 dB
for a 40 GHz system at 300 GHz. The variation in |ga(f)|2
due to g˜(f), however, is about 40 dB with the standard design
where ψdes(x, y) = 0. In Section V-A, we first explain the
construction of ψdes(x, y) for misfocus robust beamforming
in a boresight scenario. Then, we extend our solution to a
general setting in Section V-B.
A. Beamforming along the boresight
We simplify g˜(f), the scaled version of the equivalent SISO
channel ga(f) when γ = 0◦. In the polar coordinate repre-
sentation, `(x, y) =
√
r2 + `2 when γ = 0◦. Furthermore,
ψdes(x, y) can be expressed as ψdes(rcos θ, rsin θ). Then, g˜(f)
in (18) is
g˜(f) =
∫ R
r=0
∫ 2pi
θ=0
ejψdes(rcos θ,rsin θ)
2pi
√
r2 + `2
e−jω
√
r2+`2rdrdθ. (19)
We define s =
√
r2 + `2. In this case, ds = rdr/
√
r2 + `2
and (19) can be simplified to
g˜(f) =
∫ √`2+R2
s=`
1
2pi
∫ 2pi
θ=0
ejψdes(rcos θ,rsin θ)e−jωsdsdθ.
(20)
Due to the radial symmetry in the boresight scenario, it is rea-
sonable to design a ψdes(rcos θ, rsin θ) that varies only with r
and is independent of the angle θ. As s =
√
r2 + `2 is directly
related to r, we model the variation in ψdes(rcos θ, rsin θ)
through a 1D-function ψ(s) = ψdes(rcos θ, rsin θ) where
r =
√
s2 − `2. With this definition, we rewrite (20) as
g˜(f) =
∫ √`2+R2
s=`
ejψ(s)e−jωsds. (21)
The problem now is to design a 1D-function ψ(s) for robust-
ness to misfocus.
We investigate the design of the phase function ψ(s) to
achieve an approximately flat |g˜(f)|2 over the desired fre-
quency range [fc − B/2, fc + B/2]. As f = fc + cω/(2pi),
this requirement on |g˜(f)|2 is equivalent to a uniform gain
over |g˜(fc + cω/(2pi))|2 for ω ∈ [−piB/c, piB/c]. For ease
of notation, we define gˆ(ω) = g˜(fc + cω/(2pi)), dmax =√
`2 +R2, and I`,dmax(s) as an indicator function which is
1 for s ∈ [`, dmax]. Now, gˆ(ω) is
gˆ(ω) =
∫ √`2+R2
s=`
ejψ(s)e−jωsds (22)
=
∫ ∞
s=−∞
ejψ(s)I`,dmax(s)e−jωsds. (23)
An interesting observation from (23) is that gˆ(ω) is the
Fourier transform of ejψ(s)I`,dmax(s). Now, is it possible to
design ψ(s) such that ejψ(s)I`,dmax(s) has a constant mag-
nitude Fourier transform over ω ∈ [−piB/c, piB/c]? No,
because signals that are localized in the s−domain cannot be
localized in the Fourier representation [30]. For example, a
rectangular function which is localized in the s−domain has
a sinc representation in the Fourier domain which is spread
over all frequencies. As a compromise, we seek to construct
ψ(s) such that |gˆ(ω)|2 has a high spectral concentration in
[−piB/c, piB/c] and is approximately uniform over this band.
7(a) Instantaneous frequency of a chirp. (b) A chirp defined over [s1, s2]. (c) Fourier transform of the chirp
Fig. 4: The instantaneous frequency of a chirp over s ∈ [s1, s2] varies linearly with s as shown in Fig. 4a. Here, the start and end frequencies
are ωs1 and ωs2 . In Fig. 4b, we show the real and imaginary components of the chirp signal. The frequency spectrum of this chirp is
concentrated within [ωs1 , ωs2 ] and is approximately flat in this band.
(a) Phase profile ψdes(x, y). (b) φstd(x, y) + ψdes(x, y).
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(c) 20 log10|g(f)| with frequency.
Fig. 5: The chirp-based phase profile constructed with InFocus for B = 40 GHz is shown in Fig. 5a. Here, we consider a boresight scenario
with fc = 300 GHz, ` = 15 cm and R = 10 cm. For ∆ = 0.5 mm, the proposed phase profile applied at the TX is shown in Fig. 5b. The
equivalent SISO channel response with the proposed method is approximately flat over the desired bandwidth, i.e., [280 GHz, 320 GHz],
when compared to standard beamforming.
Now, we discuss a linear FMCW chirp in the s−domain
and explain why it is a good candidate for ejψ(s)I`,dmax(s). A
linear FMCW chirp which starts from s1 and ends at s2 > s1
is a complex exponential signal whose instantaneous frequency
linearly increases with s ∈ [s1, s2]. In this paper, we use
an FMCW chirp along the spatial dimension, different from
the common application along the time dimension. The chirp
signal has the form ejψ(s) for s ∈ [s1, s2] and is 0 otherwise.
The instantaneous frequency of the chirp signal is defined as
ψ′(s), the derivative of ψ(s), where
ψ′(s) =
dψ(s)
ds
. (24)
We define ωs1 = ψ
′(s1) and ωs2 = ψ
′(s2) as the start and end
frequencies of the chirp. The linear variation in the frequency
profile is shown in Fig. 4a. Prior work in radar has shown that
the Fourier transform magnitude of a chirp is approximately
flat over [ωs1 , ωs2 ] and is nearly zero outside this band. A
closed form expression for the spectral magnitude of a chirp
can be found in [31]. It was shown in [31] that the spectral
leakage outside [ωs1 , ωs2 ] is less than 5% of the energy of
the chirp when (ωs2 − ωs1)(s2 − s1) > 20pi. The product
(ωs2 − ωs1)(s2 − s1) is called the dispersion factor of the
chirp. Examples illustrating a chirp and its spectrum are shown
in Fig. 4b and Fig. 4c. The “uniform” spectral characteristic
of a chirp within a band can be exploited to construct an
appropriate ψ(s) for misfocus robust beamforming.
We derive ψ(s) using the properties of a linear FMCW
chirp. First, we observe from (22) that the chirp to be designed
must start at s1 = ` and end at s2 =
√
`2 +R2. Second, as the
spectrum of this chirp must be concentrated in [−piB/c, piB/c]
for misfocus robust beamforming, we require ωs1 = −piB/c
and ωs2 = piB/c. Third, the phase profile of the chirp must
take the form ψ(s) = αs + βs2 for some constants α and
β. Such a phase variation results in a linear instantaneous
frequency profile with s which leads to a “uniform” spectral
characteristic over the desired band. We observe that ψ′(s1),
the instantaneous frequency of the chirp at s1 is ωs1 . Similarly,
ψ′(s2) = ωs2 . Note that ψ
′(s) = α + 2βs. We put together
8these observations to write
α+ 2β` =
−piB
c
and (25)
α+ 2β
√
`2 +R2 =
piB
c
. (26)
Solving the linear equations (25) and (26), we get β =
piB/(c
√
`2 +R2 − c`) and α = −piB(√`2 +R2 +
`)/(c
√
`2 +R2−c`). The proposed 1D phase function is then
ψ(s) =
−piB(√`2 +R2 + `)
c(
√
`2 +R2 − `) s+
piB
c(
√
`2 +R2 − `)s
2. (27)
As s =
√
x2 + y2 + `2, the 2D phase profile ψdes(x, y) can
be derived from (27) using ψdes(x, y) = ψ(
√
x2 + y2 + `2).
The phase profile applied at the TX is φ(x, y) = ψdes(x, y) +
φstd(x, y).
We now explain beamforming using a discrete version of
the proposed phase profile and compare the performance of
our design with standard beamforming which uses φstd(x, y).
In Fig. 5a, we plot ψdes(x, y) for a near field system with
R = 10 cm, fc = 300 GHz and B = 40 GHz. In this
example, the RX is at a distance of ` = 15 cm along the
boresight of the TX array. The phase profile used at the TX,
i.e., the sum of φstd(x, y) + ψdes(x, y), is shown in Fig. 5b.
We observe from Fig. 5c that such a phase profile achieves
a “uniform” gain over the desired bandwidth. The equivalent
SISO channel response shown in Fig. 5c, i.e., 20 log10(|g(f)|),
has components outside the desired frequency band. This
is due to the fact that gˆ(ω), the Fourier transform of the
chirp signal, has spectral components outside [−piB/c, piB/c].
The spectral leakage is determined by the dispersion factor
2piB(
√
`2 +R2 − `)/c. In this example, the dispersion factor
is 25.3, which is less than 20pi for 95% energy containment
within the desired band. In practice, the effective channel is the
product of g(f) and the Fourier transform of the pulse shaping
filter. Although an appropriate pulse shaping filter can mitigate
the spectral leakage in g(f), it is important to design phase
profiles which lead to a large |g(f)|2 within the desired band.
Our chirp-based construction is one solution that achieves a
large gain.
The closed form nature of the proposed phase profile is
favorable from an implementation perspective when compared
to optimization techniques. Optimization techniques usually
involve an iterative approach to solve for the Ntx vari-
ables {w(x, y)}(x,y)∈SD under the constraint that |w(x, y)| =
1/
√
Ntx. Such techniques, however, may result in a high
complexity when applied to large antenna array systems. For
example, in a half-wavelength spaced array of R = 10 cm
that operates at 300 GHz, Ntx is about 125, 000. InFocus is a
low complexity solution that is well suited to massive phased
array-based systems.
B. Beamforming at an arbitrary location in the near field
In this section, we design misfocus robust beamformers
when the RX is not along the boresight direction. We first
derive the beamformer when the projection of the RX on the
xy plane, defined as PRX, falls outside S. Then, we extend
our derivation to the other case.
1) Solution when PRX /∈ S: We consider the near field
system in Fig. 6a where γ > 0 and ` sinγ > R1. To simplify
g˜(f) in (18), we use a polar coordinate system that is centered
around the projection PRX instead of the origin O. We define
p as the distance between PRX and a coordinate (x, y) ∈ S ,
i.e.,
p =
√
(x+ `sinγ)2 + y2. (28)
From the right-angled triangle formed by the RX, PRX and
(x, y), we observe that
`(x, y) =
√
p2 + `2cos2γ. (29)
For the standard beamformer in (5), the phase applied at (x, y)
is proportional to the distance `(x, y). Now, this distance is
same for all the ITX coordinates that are equidistant from the
projection PRX, i.e., points with the same p. A set of such
coordinates is marked by an arc within the ITX in Fig. 6a.
Similar to the standard phase profile φstd(x, y) which has the
same phase at all these locations, the phase profile ψdes(x, y)
is assumed to be constant at all the coordinates that are
equidistant from PRX. Such an assumption simplifies the 2D-
phase profile design problem to a 1D-function optimization
problem. A more sophisticated approach could optimize the
2D-phase profile directly, but we defer this to future work.
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<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/Q VePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97 M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/Q VePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97 M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/Q VePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97 M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/Q VePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97 M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>
y
<latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8 NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pR cIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwl jZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8 Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8 NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pR cIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwl jZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8 Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8 NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pR cIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwl jZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8 Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit><latexit sha1_base64="l29WxoUb9DEbvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8 NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pR cIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZAn6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC33U40JZRM6wp6lkkao/Xx+6JScW2VIwl jZkobM1d8TOY20zqLAdkbUjPWyNxP/83qpCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8 Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnvYz9</latexit>
z
<latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2 XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfN fzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUc UNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblY kJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="HtuNhRW33vYW3sGgbKcmQI4/F8E=">AAAB3 XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHHZgn1AW0omvdPGZjJDckeoQ3+BGxeK+Lfc+W9MHwttPRD4OCch954wVdKS7397ha3tnd294n7po Hx4dFw5KbdskhmBTZGoxHRCblFJjU2SpLCTGuRxqLAdTu7mefsJjZWJfqBpiv2Yj7SMpODkrMbzoFL1a/5CbBOCFVRhpfqg8tUbJiKLUZNQ3Npu4K fUz7khKRTOSr3MYsrFhI+w61DzGG0/Xww6YxfOGbIoMe5oYgv394ucx9ZO49DdjDmN7Xo2N//LuhlFN/1c6jQj1GL5UZQpRgmbb82G0qAgNXXAhZ FuVibG3HBBrpuSKyFYX3kTWle1wK8FDR+KcAbncAkBXMMt3EMdmiAA4QXe4N179F69j2VdBW/V2yn8kff5A9SFi6s=</latexit><latexit sha1_base64="HtuNhRW33vYW3sGgbKcmQI4/F8E=">AAAB3 XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuHHZgn1AW0omvdPGZjJDckeoQ3+BGxeK+Lfc+W9MHwttPRD4OCch954wVdKS7397ha3tnd294n7po Hx4dFw5KbdskhmBTZGoxHRCblFJjU2SpLCTGuRxqLAdTu7mefsJjZWJfqBpiv2Yj7SMpODkrMbzoFL1a/5CbBOCFVRhpfqg8tUbJiKLUZNQ3Npu4K fUz7khKRTOSr3MYsrFhI+w61DzGG0/Xww6YxfOGbIoMe5oYgv394ucx9ZO49DdjDmN7Xo2N//LuhlFN/1c6jQj1GL5UZQpRgmbb82G0qAgNXXAhZ FuVibG3HBBrpuSKyFYX3kTWle1wK8FDR+KcAbncAkBXMMt3EMdmiAA4QXe4N179F69j2VdBW/V2yn8kff5A9SFi6s=</latexit><latexit sha1_base64="/VpXkFonZ7oqnzGnYgpVrbAMIVo=">AAAB6 HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc2UhJtLCGRjwQuZG+Zg5W9vcvungle+AU2Fhpj60+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3t Ld/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByO/c7j6g0j+W9mSboR3QkecgZNVZqPg3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3f PcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLa FMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/WabqV+k8dRhDM4h0vw4BrqcAcNaAEDhGd4hTfnwXlx3p2PZWvByWdO4Q+czx/oAYz6</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsPlmuEyZZ/9zFJ+iVC6I=">AAAB6 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2a Wd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuu u5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit>
( ` sin , 0, ` cos )
<latexit sha1_base64="i46ilHZnPXW1DKHWR1mfkQKDRsg=">AAACJ3icbVDLSgMxFM34rPU16tJNsAgVapkRQVdSdOOygn1AZy iZNNOGJpkhyQhl6N+48VfcCCqiS//ETDuKth4IHM45l9x7gphRpR3nw1pYXFpeWS2sFdc3Nre27Z3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8CrzW3dEKhqJWz2Kic9RX9CQYqSN1LUvysceYcyrQI8jPZA8VVSModdHnKMKdIxubGj8nwCO1HfgqGuXnKozAZwnb k5KIEe9az97vQgnnAiNGVKq4zqx9lMkNcWMjIteokiM8BD1ScdQgThRfjq5cwwPjdKDYSTNExpO1N8TKeJKjXhgktmuatbLxP+8TqLDcz+lIk40EXj6UZgwqCOYlQZ7VBKs2cgQhCU1u0I8QBJhbaotmhLc2ZPnSfOk6jpV9+a0VLvM6yiAfXAAysAFZ6AGrkEdNAAG9+AR vIBX68F6st6s92l0wcpn9sAfWJ9fVl+kZg==</latexit><latexit sha1_base64="i46ilHZnPXW1DKHWR1mfkQKDRsg=">AAACJ3icbVDLSgMxFM34rPU16tJNsAgVapkRQVdSdOOygn1AZy iZNNOGJpkhyQhl6N+48VfcCCqiS//ETDuKth4IHM45l9x7gphRpR3nw1pYXFpeWS2sFdc3Nre27Z3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8CrzW3dEKhqJWz2Kic9RX9CQYqSN1LUvysceYcyrQI8jPZA8VVSModdHnKMKdIxubGj8nwCO1HfgqGuXnKozAZwnb k5KIEe9az97vQgnnAiNGVKq4zqx9lMkNcWMjIteokiM8BD1ScdQgThRfjq5cwwPjdKDYSTNExpO1N8TKeJKjXhgktmuatbLxP+8TqLDcz+lIk40EXj6UZgwqCOYlQZ7VBKs2cgQhCU1u0I8QBJhbaotmhLc2ZPnSfOk6jpV9+a0VLvM6yiAfXAAysAFZ6AGrkEdNAAG9+AR vIBX68F6st6s92l0wcpn9sAfWJ9fVl+kZg==</latexit><latexit sha1_base64="i46ilHZnPXW1DKHWR1mfkQKDRsg=">AAACJ3icbVDLSgMxFM34rPU16tJNsAgVapkRQVdSdOOygn1AZy iZNNOGJpkhyQhl6N+48VfcCCqiS//ETDuKth4IHM45l9x7gphRpR3nw1pYXFpeWS2sFdc3Nre27Z3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8CrzW3dEKhqJWz2Kic9RX9CQYqSN1LUvysceYcyrQI8jPZA8VVSModdHnKMKdIxubGj8nwCO1HfgqGuXnKozAZwnb k5KIEe9az97vQgnnAiNGVKq4zqx9lMkNcWMjIteokiM8BD1ScdQgThRfjq5cwwPjdKDYSTNExpO1N8TKeJKjXhgktmuatbLxP+8TqLDcz+lIk40EXj6UZgwqCOYlQZ7VBKs2cgQhCU1u0I8QBJhbaotmhLc2ZPnSfOk6jpV9+a0VLvM6yiAfXAAysAFZ6AGrkEdNAAG9+AR vIBX68F6st6s92l0wcpn9sAfWJ9fVl+kZg==</latexit><latexit sha1_base64="i46ilHZnPXW1DKHWR1mfkQKDRsg=">AAACJ3icbVDLSgMxFM34rPU16tJNsAgVapkRQVdSdOOygn1AZy iZNNOGJpkhyQhl6N+48VfcCCqiS//ETDuKth4IHM45l9x7gphRpR3nw1pYXFpeWS2sFdc3Nre27Z3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8CrzW3dEKhqJWz2Kic9RX9CQYqSN1LUvysceYcyrQI8jPZA8VVSModdHnKMKdIxubGj8nwCO1HfgqGuXnKozAZwnb k5KIEe9az97vQgnnAiNGVKq4zqx9lMkNcWMjIteokiM8BD1ScdQgThRfjq5cwwPjdKDYSTNExpO1N8TKeJKjXhgktmuatbLxP+8TqLDcz+lIk40EXj6UZgwqCOYlQZ7VBKs2cgQhCU1u0I8QBJhbaotmhLc2ZPnSfOk6jpV9+a0VLvM6yiAfXAAysAFZ6AGrkEdNAAG9+AR vIBX68F6st6s92l0wcpn9sAfWJ9fVl+kZg==</latexit>
( ` sin , 0, 0)
<latexit sha1_base64="jyizBH3BmPH85sRq+f5Ex56ZVk8=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQoZYZEXRZdOOygn1AZ yiZNG1Dk8yQZIQy9APc+CtuXCji1g9w59+YtrPQ1ksCh3PO5d57wpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gaqtx6o0iyS92Yc00DggWR9RrCxVLdYKp/5lHO/gnyBzVCJVDM5Qf4AC4EryLXv1LrcqjsrtAy8DJQgq3 q3+OX3IpIIKg3hWOuO58YmSLEyjHA6KfiJpjEmIzygHQslFlQH6eyYCTqxTA/1I2W/NGjG/u5IsdB6LELrnG6sF7Up+Z/WSUz/KkiZjBNDJZkP6iccmQhNk0E9pigxfGwBJorZXREZYoWJsfkVbAje4snLoHle9dyqd3dRql1nceThCI6hDB5cQg1uoQ4NIPAIz/AKb86T 8+K8Ox9za87Jeg7hTzmfP5wTmWY=</latexit><latexit sha1_base64="jyizBH3BmPH85sRq+f5Ex56ZVk8=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQoZYZEXRZdOOygn1AZ yiZNG1Dk8yQZIQy9APc+CtuXCji1g9w59+YtrPQ1ksCh3PO5d57wpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gaqtx6o0iyS92Yc00DggWR9RrCxVLdYKp/5lHO/gnyBzVCJVDM5Qf4AC4EryLXv1LrcqjsrtAy8DJQgq3 q3+OX3IpIIKg3hWOuO58YmSLEyjHA6KfiJpjEmIzygHQslFlQH6eyYCTqxTA/1I2W/NGjG/u5IsdB6LELrnG6sF7Up+Z/WSUz/KkiZjBNDJZkP6iccmQhNk0E9pigxfGwBJorZXREZYoWJsfkVbAje4snLoHle9dyqd3dRql1nceThCI6hDB5cQg1uoQ4NIPAIz/AKb86T 8+K8Ox9za87Jeg7hTzmfP5wTmWY=</latexit><latexit sha1_base64="jyizBH3BmPH85sRq+f5Ex56ZVk8=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQoZYZEXRZdOOygn1AZ yiZNG1Dk8yQZIQy9APc+CtuXCji1g9w59+YtrPQ1ksCh3PO5d57wpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gaqtx6o0iyS92Yc00DggWR9RrCxVLdYKp/5lHO/gnyBzVCJVDM5Qf4AC4EryLXv1LrcqjsrtAy8DJQgq3 q3+OX3IpIIKg3hWOuO58YmSLEyjHA6KfiJpjEmIzygHQslFlQH6eyYCTqxTA/1I2W/NGjG/u5IsdB6LELrnG6sF7Up+Z/WSUz/KkiZjBNDJZkP6iccmQhNk0E9pigxfGwBJorZXREZYoWJsfkVbAje4snLoHle9dyqd3dRql1nceThCI6hDB5cQg1uoQ4NIPAIz/AKb86T 8+K8Ox9za87Jeg7hTzmfP5wTmWY=</latexit><latexit sha1_base64="jyizBH3BmPH85sRq+f5Ex56ZVk8=">AAACDHicbVDLSgMxFL1TX7W+qi7dBItQoZYZEXRZdOOygn1AZ yiZNG1Dk8yQZIQy9APc+CtuXCji1g9w59+YtrPQ1ksCh3PO5d57wpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gaqtx6o0iyS92Yc00DggWR9RrCxVLdYKp/5lHO/gnyBzVCJVDM5Qf4AC4EryLXv1LrcqjsrtAy8DJQgq3 q3+OX3IpIIKg3hWOuO58YmSLEyjHA6KfiJpjEmIzygHQslFlQH6eyYCTqxTA/1I2W/NGjG/u5IsdB6LELrnG6sF7Up+Z/WSUz/KkiZjBNDJZkP6iccmQhNk0E9pigxfGwBJorZXREZYoWJsfkVbAje4snLoHle9dyqd3dRql1nceThCI6hDB5cQg1uoQ4NIPAIz/AKb86T 8+K8Ox9za87Jeg7hTzmfP5wTmWY=</latexit>
RX
PRX
<latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwb ZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9L iwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="gYOaigTFn02R30w5nBmeuMGQ9Fk=">AAAB9nicbZBPS8MwGMbf+nfOqdWT4CU4BE+j9aJHwYvHKe 4PbKWkWbqFJWlJUmGUevGrePGgiB/Fm9/GtNtBNx8I/HiehLzvE6WcaeN5387a+sbm1nZtp77b2Ns/cA8bXZ1kitAOSXii+hHWlDNJO4YZTvupolhEnPai6U2Z9x6p0iyRD2aW0kDgsWQxI9hYK3SPhwKbSRTl7SLMK1Yiv+8XReg2vZZXCa2Cv4AmLNQO3a/h KCGZoNIQjrUe+F5qghwrwwinRX2YaZpiMsVjOrAosaA6yKsNCnRmnRGKE2WPNKhyf7/IsdB6JiJ7s5xRL2el+V82yEx8FeRMppmhksw/ijOOTILKOtCIKUoMn1nARDE7KyITrDAxtrS6LcFfXnkVuhct32v5dx7U4ARO4Rx8uIRruIU2dIDAE7zAG7w7z86r8zG va81Z9HYEf+R8/gD4oZYf</latexit><latexit sha1_base64="gYOaigTFn02R30w5nBmeuMGQ9Fk=">AAAB9nicbZBPS8MwGMbf+nfOqdWT4CU4BE+j9aJHwYvHKe 4PbKWkWbqFJWlJUmGUevGrePGgiB/Fm9/GtNtBNx8I/HiehLzvE6WcaeN5387a+sbm1nZtp77b2Ns/cA8bXZ1kitAOSXii+hHWlDNJO4YZTvupolhEnPai6U2Z9x6p0iyRD2aW0kDgsWQxI9hYK3SPhwKbSRTl7SLMK1Yiv+8XReg2vZZXCa2Cv4AmLNQO3a/h KCGZoNIQjrUe+F5qghwrwwinRX2YaZpiMsVjOrAosaA6yKsNCnRmnRGKE2WPNKhyf7/IsdB6JiJ7s5xRL2el+V82yEx8FeRMppmhksw/ijOOTILKOtCIKUoMn1nARDE7KyITrDAxtrS6LcFfXnkVuhct32v5dx7U4ARO4Rx8uIRruIU2dIDAE7zAG7w7z86r8zG va81Z9HYEf+R8/gD4oZYf</latexit><latexit sha1_base64="O+mLpIr8Gskbjzniv/u3Yw6ATyU=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5K4kaXRTcuq9 gLtCFMptN26GQSZiZCCXHjq7hxoYhb38Kdb+MkzUJbfxj4+M85zDl/EHOmtON8W5WV1bX1jepmbWt7Z3fP3j/oqCiRhLZJxCPZC7CinAna1kxz2oslxWHAaTeYXuf17gOVikXiXs9i6oV4LNiIEayN5dtHgxDrSRCkrcxPC5ZhetfLMt+uOw2nEFoGt4Q6lGr5 9tdgGJEkpEITjpXqu06svRRLzQinWW2QKBpjMsVj2jcocEiVlxYXZOjUOEM0iqR5QqPC/T2R4lCpWRiYznxHtVjLzf9q/USPLr2UiTjRVJD5R6OEIx2hPA40ZJISzWcGMJHM7IrIBEtMtAmtZkJwF09ehs55w3Ua7q1Tb16VcVThGE7gDFy4gCbcQAvaQOARnuE V3qwn68V6tz7mrRWrnDmEP7I+fwB7vZeH</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWc XWQhvCZDpth84kYWYilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU6W03y3y77jScQmgR3BLqUKrl 21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZOUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO 8wpv1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit>
(x, y)
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(a) A near field scenario where PRX /∈ S.
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ITX
S
<latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047 KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2ho mnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr /DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047 KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2ho mnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr /DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047 KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2ho mnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr /DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047 KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmltfWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4lfkBoUaA6qX/2ho mnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1kHGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr /DmoPPivDsfi9GSU+wcwx84nz+LqJFp</latexit>
R
<latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0 oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqox oWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</la texit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0 oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqox oWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</la texit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0 oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqox oWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</la texit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0 oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqox oWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</la texit>
⌦min(p)<latexit sha1_base64="kvBWkF5xqOshb1RxQJIKRHaeBoE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBF0W3bizgn1AE8JkOmmHzkzCzEQoIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQS xENGuuH4uvC7D0QqGot7PUmIz9FQ0IhipI0U2IfeLSdDFGQeR3okecapyPN6chrYNafhTAEXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfTD3J4YpQBjGJpSmg4VX9PZIgrNeGh6SzuVPNeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCEmEtQmtakJw519eJJ2zhus03LvzWvOqjKMCjsAxqAMXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8Ac4Mlxk=</latexit><latexit sha1_base64="kvBWkF5xqOshb1RxQJIKRHaeBoE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBF0W3bizgn1AE8JkOmmHzkzCzEQoIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQS xENGuuH4uvC7D0QqGot7PUmIz9FQ0IhipI0U2IfeLSdDFGQeR3okecapyPN6chrYNafhTAEXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfTD3J4YpQBjGJpSmg4VX9PZIgrNeGh6SzuVPNeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCEmEtQmtakJw519eJJ2zhus03LvzWvOqjKMCjsAxqAMXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8Ac4Mlxk=</latexit><latexit sha1_base64="kvBWkF5xqOshb1RxQJIKRHaeBoE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBF0W3bizgn1AE8JkOmmHzkzCzEQoIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQS xENGuuH4uvC7D0QqGot7PUmIz9FQ0IhipI0U2IfeLSdDFGQeR3okecapyPN6chrYNafhTAEXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfTD3J4YpQBjGJpSmg4VX9PZIgrNeGh6SzuVPNeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCEmEtQmtakJw519eJJ2zhus03LvzWvOqjKMCjsAxqAMXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8Ac4Mlxk=</latexit><latexit sha1_base64="kvBWkF5xqOshb1RxQJIKRHaeBoE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBF0W3bizgn1AE8JkOmmHzkzCzEQoIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQS xENGuuH4uvC7D0QqGot7PUmIz9FQ0IhipI0U2IfeLSdDFGQeR3okecapyPN6chrYNafhTAEXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfTD3J4YpQBjGJpSmg4VX9PZIgrNeGh6SzuVPNeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCEmEtQmtakJw519eJJ2zhus03LvzWvOqjKMCjsAxqAMXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8Ac4Mlxk=</latexit>
⌦max(p
)
<latexit sha1_base64="AtfYlNZLRATOKCNhkf3O3P/KsoQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuiy6MadFewDmhAm02k7dGYSZiZiCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA 8Z6YTjq9zv3BOpaCTu9CQmPkdDQQcUI22kwD7wbjgZoiD1ONIjyVOOHrKsFp8EdtWpO1PAReIWpAoKNAP7y+tHOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IMMHhulDweRNCU0nKq/J1LElZrw0HTmd6p5Lxf/83qJHlz4KRVxoonAs0WDhEEdwTwO2KeSYM0mhiAsqbkV4hGSCGsTWsWE4M6/vEjap3XXqbu3Z9XGZRFHGRyCI1ADLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHRFpcb</latexit><latexit sha1_base64="AtfYlNZLRATOKCNhkf3O3P/KsoQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuiy6MadFewDmhAm02k7dGYSZiZiCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA 8Z6YTjq9zv3BOpaCTu9CQmPkdDQQcUI22kwD7wbjgZoiD1ONIjyVOOHrKsFp8EdtWpO1PAReIWpAoKNAP7y+tHOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IMMHhulDweRNCU0nKq/J1LElZrw0HTmd6p5Lxf/83qJHlz4KRVxoonAs0WDhEEdwTwO2KeSYM0mhiAsqbkV4hGSCGsTWsWE4M6/vEjap3XXqbu3Z9XGZRFHGRyCI1ADLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHRFpcb</latexit><latexit sha1_base64="AtfYlNZLRATOKCNhkf3O3P/KsoQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuiy6MadFewDmhAm02k7dGYSZiZiCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA 8Z6YTjq9zv3BOpaCTu9CQmPkdDQQcUI22kwD7wbjgZoiD1ONIjyVOOHrKsFp8EdtWpO1PAReIWpAoKNAP7y+tHOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IMMHhulDweRNCU0nKq/J1LElZrw0HTmd6p5Lxf/83qJHlz4KRVxoonAs0WDhEEdwTwO2KeSYM0mhiAsqbkV4hGSCGsTWsWE4M6/vEjap3XXqbu3Z9XGZRFHGRyCI1ADLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHRFpcb</latexit><latexit sha1_base64="AtfYlNZLRATOKCNhkf3O3P/KsoQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkIuiy6MadFewDmhAm02k7dGYSZiZiCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA 8Z6YTjq9zv3BOpaCTu9CQmPkdDQQcUI22kwD7wbjgZoiD1ONIjyVOOHrKsFp8EdtWpO1PAReIWpAoKNAP7y+tHOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IMMHhulDweRNCU0nKq/J1LElZrw0HTmd6p5Lxf/83qJHlz4KRVxoonAs0WDhEEdwTwO2KeSYM0mhiAsqbkV4hGSCGsTWsWE4M6/vEjap3XXqbu3Z9XGZRFHGRyCI1ADLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHRFpcb</latexit>
Q
<latexit sha1_base64="jMMoQkhvebCuaSK4eGGQtRdodYQ=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduGzBPrANZTKdtEMnk zBzI5TQv3DjQhG3/o07/8ZpmoW2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKwecJpwP6IjJULBKFrpsR9RHJswa84Glapbc3OQVeIVpAoFGoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP8s Qzcm6VIQljbZ9Ckqu/NzIaGTONAjuZJ1z25uJ/Xi/F8MbPhEpS5IotPgpTSTAm8/PJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmufWvOZVtX5b1FGCUziDC/DgGupwDw1oAQMFz/AKb45xXpx352MxuuYUOyfwB87nD9v+kQY=</latexit><latexit sha1_base64="jMMoQkhvebCuaSK4eGGQtRdodYQ=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduGzBPrANZTKdtEMnk zBzI5TQv3DjQhG3/o07/8ZpmoW2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKwecJpwP6IjJULBKFrpsR9RHJswa84Glapbc3OQVeIVpAoFGoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP8s Qzcm6VIQljbZ9Ckqu/NzIaGTONAjuZJ1z25uJ/Xi/F8MbPhEpS5IotPgpTSTAm8/PJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmufWvOZVtX5b1FGCUziDC/DgGupwDw1oAQMFz/AKb45xXpx352MxuuYUOyfwB87nD9v+kQY=</latexit><latexit sha1_base64="jMMoQkhvebCuaSK4eGGQtRdodYQ=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduGzBPrANZTKdtEMnk zBzI5TQv3DjQhG3/o07/8ZpmoW2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKwecJpwP6IjJULBKFrpsR9RHJswa84Glapbc3OQVeIVpAoFGoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP8s Qzcm6VIQljbZ9Ckqu/NzIaGTONAjuZJ1z25uJ/Xi/F8MbPhEpS5IotPgpTSTAm8/PJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmufWvOZVtX5b1FGCUziDC/DgGupwDw1oAQMFz/AKb45xXpx352MxuuYUOyfwB87nD9v+kQY=</latexit><latexit sha1_base64="jMMoQkhvebCuaSK4eGGQtRdodYQ=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUQEXRbduGzBPrANZTKdtEMnk zBzI5TQv3DjQhG3/o07/8ZpmoW2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKwecJpwP6IjJULBKFrpsR9RHJswa84Glapbc3OQVeIVpAoFGoPKV38YszTiCpmkxvQ8N0E/oxoFk3xW7qeGJ5RN6Ij3LFU04sbP8s Qzcm6VIQljbZ9Ckqu/NzIaGTONAjuZJ1z25uJ/Xi/F8MbPhEpS5IotPgpTSTAm8/PJUGjOUE4toUwLm5WwMdWUoS2pbEvwlk9eJe3LmufWvOZVtX5b1FGCUziDC/DgGupwDw1oAQMFz/AKb45xXpx352MxuuYUOyfwB87nD9v+kQY=</latexit>
O
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(b) Top view of the system in Fig. 6a.
Fig. 6: A scenario where PRX, the projection of the RX on the plane
containing the ITX, lies outside S. Here, O represents the origin
(0, 0, 0) and PRX is (−` sinγ, 0, 0). The set S is a disc of radius R.
In this figure, p and Ω denote the distance and the angle in a polar
coordinate system centered at PRX.
Now, we express g˜(f) in (18) using the polar coordinate
system centered at PRX. We define Ω as the angle made by
the line joining (x, y) and PRX with the x axis. We note
1The robust beamformer for γ < 0 and |` sinγ| > R can be obtained by
flipping the designed phase profile about the y−axis.
9that Ω = tan−1(y/(x + `sinγ)). For the coordinates in S,
the minimum and the maximum values of p are defined as
p1 = `sinγ − R and p2 = `sinγ + R. We use Ωmin(p)
and Ωmax(p) to denote the smallest and the largest angles
associated with points in S which are at a distance of p
from PRX. These angles are measured in the anti-clockwise
direction with the x−axis. To simplify g˜(f), we first substitute
`(x, y) =
√
p2 + `2cos2γ in (18). Then, we change dxdy to
pdpdΩ by using the Jacobian of the transformation relating
the variables. The simplified integral is then
g˜(f) =
∫ p2
p=p1
∫ Ωmax(p)
Ω=Ωmin(p)
ejψdes(x,y)e−jω
√
p2+`2cos2γ
2pi
√
p2 + `2cos2γ
pdpdΩ
(30)
=
∫ p2
p=p1
[
Ωmax(p)− Ωmin(p)
2pi
√
p2 + `2cos2γ
ejψdes(x,y)×
e−jω
√
p2+`2cos2γpdp
]
. (31)
To further simplify the integral in (31), we define a variable
u =
√
p2 + `2cos2γ, (32)
u1 =
√
p21 + `
2cos2γ and u2 =
√
p22 + `
2cos2γ. Then,
du = pdp/
√
p2 + `2cos2γ. The assumption that ψdes(x, y)
only varies with p, equivalently u, allows us to define a 1D
function ψ(u) such that ψ(u) = ψdes(x, y). The angle made by
the arc in S at a distance of p from PRX is Ωmax(p)−Ωmin(p).
We define a real positive function
a(u) =
Ωmax(p)− Ωmin(p)
2pi
. (33)
The integral in (31) can now be expressed as
g˜(f) =
∫ u2
u=u1
a(u)ejψ(u)e−jωudu. (34)
A closed form expression of a(u) is given by (53) in
Appendix-B. The objective of misfocus robust beamforming
is to construct a 1D-phase profile ψ(u) that leads to an
approximately flat |g˜(f)|2 for f ∈ [fc −B/2, fc +B/2].
We discuss why a linear FMCW chirp-based solution is not
well suited for misfocus robust beamforming when the RX is
not along the boresight direction. Similar to our derivation for
the boresight setting, we define gˆ(ω) = g˜(fc + cω/(2pi)), and
use (34) to write
gˆ(ω) =
∫ ∞
u=−∞
a(u)ejψ(u)Iu1,u2e−jωudu. (35)
Now, ψ(u) must be designed to achieve an approximately flat
|gˆ(ω)|2 over ω ∈ [−piB/c], piB/c]. Setting ejψ(u)Iu1,u2 to a
linear FMCW chirp, as in the boresight scenario, does not
result in a flat |gˆ(ω)|2 due to the amplitude modulation effect
induced by a(u). The stationary phase method characterizes
the impact of this amplitude modulation on gˆ(ω) under the
assumption that a(u) varies slowly when compared to ψ(u).
We use ωu to denote the instantaneous frequency at u, i.e.,
ωu = ψ
′(u). The stationary phase method approximates
|gˆ(ωu)|2 as [32]
|gˆ(ωu)|2 ≈ 2pia
2(u)
|ψ′′(u)| . (36)
For a linear FMCW chirp, we observe that ψ′′(u) is constant.
In such a case, the spectral magnitude |gˆ(ωu)| is proportional
to the amplitude modulation. Therefore, a linear FMCW-based
construction for ψ(u) does not result in the desired “flat”
|gˆ(ω)|2 when a(u) varies over [u1, u2].
We derive the frequency profile of a non-linear FMCW chirp
that achieves robustness to misfocus. Under the assumption
that a(u) varies slowly when compared to ψ(u), the instan-
taneous frequency of a(u)ejψ(u)Iu1,u2 is ψ′(u). The goal of
InFocus is to design a ψ(u) such that the spectrum of |gˆ(ω)|2
is contained within [−piB/c, piB/c] and is approximately
uniform. To this end, we assume that ωu, the instantaneous
frequency of a(u)ejψ(u)Iu1,u2 , is a continuous function that
increases from ψ′(u1) = −piB/c to ψ′(u2) = piB/c. The
increase, however, can be non-linear and depends on a(u). We
assume that ψ′′(u) > 0∀u ∈ [u1, u2]. From (36), we observe
that the stationary phase method relates a(u) and ψ(u) as
ψ′′(u) ≈ 2pia
2(u)
|gˆ(ωu)|2 . (37)
For u ∈ [u1, u2], the instantaneous frequency ωu ∈
[−piB/c, piB/c]. It can be observed from (37) that a phase
profile which achieves a flat |gˆ(ω)|2 for ω ∈ [−piB/c, piB/c]
satisfies
ψ′′(u) = κa2(u), (38)
for some positive constant κ. The instantaneous frequency in
(38) can be determined using ψ′(u) =
∫ u
u1
ψ′′(u)du, ψ′(u1) =
−piB/c and ψ′(u2) = piB/c. The solution is given by
ψ′(u) =
2piB
∫ u
u1
a2(u)du
c
∫ u2
u1
a2(u)du
− piB
c
. (39)
In this paper, we compute the integral of a2(u) in (39) through
numerical integration. The non-uniform nature of a2(u) over
[u1, u2] results in a non-linear frequency profile ψ′(u).
We derive the phase profile ψ(s) from (39) for the near field
system in Fig. 6a. The solution to the differential equation in
(39), i.e.,
ψ(u) =
∫ u
u1
ψ′(u)du, (40)
is computed using numerical integration. For a near field
system with ` = 15 cm, R = 10 cm and γ = 60◦, it can
be noticed that ` sinγ > R and PRX /∈ S. Here, u1 = 8.07 cm
and u2 = 24.18 cm. The amplitude modulation function a(u)
for this example is shown in Fig. 7a. The second derivative of
the designed phase profile, i.e., ψ′′(u), is proportional to a2(u)
by the stationary phase equation in (38). The instantaneous
frequency of the chirp, i.e., ψ′(u) and the phase profile ψ(u)
are shown in Fig. 7b and Fig. 7c. It can be observed from Fig.
7b that the rate of change of the instantaneous frequency is
small when the amplitude modulation function is low. Due to
this slow increase, the dwell time of the chirp at this frequency
is longer. The longer dwell time at such frequencies helps
compensate for the low amplitude scaling and achieves a flat
frequency spectrum in the desired range.
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(c) Designed phase profile ψ(u).
Fig. 7: Here, we show the amplitude modulation function a(u) for a near field scenario with ` = 15 cm, R = 10 cm and γ = 60◦. In this
example, B = 40 GHz and fc = 300 GHz. We observe that ψ′(u), i.e., the instantaneous frequency of the designed chirp, is a non-linear
function of u. The phase profile ψ(u) is the integral of ψ′(u).
(a) Phase profile ψdes(x, y). (b) φstd(x, y) + ψdes(x, y).
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(c) 20 log10|g(f)| with frequency.
Fig. 8: The 2D-phase profile ψdes(x, y) designed with InFocus for a near field scenario where PRX /∈ S is shown in Fig. 8a. When the
TX applies the phase profile in Fig. 8b, the RX observes the frequency domain channel in Fig. 8c. InFocus achieves an approximately flat
channel response over the desired bandwidth of 40 GHz.
Now, we demonstrate the performance of the beamformer
associated with the designed 1D function ψ(u). The 2D phase
profile ψdes(x, y) is given by
ψdes(x, y) = ψ(
√
(x+ `sinγ)2 + y2 + `2cos2γ), (41)
and the phase profile applied at the TX is φ(x, y) =
φstd(x, y) + ψdes(x, y). To illustrate our design, we consider
a 40 GHz bandwidth system operating at fc = 300 GHz. We
use ` = 15 cm, R = 10 cm and γ = 60◦. In Fig. 8a, we show
the designed phase profile ψdes(x, y). The proposed phase
profile φstd(x, y) + ψdes(x, y) is shown in Fig. 8b and the
frequency response of the equivalent SISO channel is shown
in Fig. 8c. We observe from Fig. 8c that the proposed phase
profile achieves an approximately flat beamforming gain over
the desired bandwidth.
2) Solution when PRX ∈ S: We now construct the misfocus
robust phase profile for a near field scenario in Fig. 9a where
PRX ∈ S. In this scenario, 0 < ` sinγ < R. Similar to our
assumption in Sec. V-B1, we assume that the phase profile
ψdes(x, y) is constant for all the ITX coordinates that are
equidistant from PRX. To construct a robust ψdes(x, y), we
first design a 1D-phase function ψ(u). Here, u represents
the distance between an ITX coordinate and the RX, and
u ∈ [`,√(R+ ` sinγ)2 + `2] when PRX ∈ S . We split the
set of ITX coordinates, i.e., S, into SI and its complement
S \ SI as shown in Fig. 9b. Here, SI represents the set of all
ITX coordinates that are within a distance of R− ` sinγ from
PRX. We observe that the RX is along the boresight of the
array corresponding to SI, and the projection of the RX lies
outside S \ SI. In this section, we show how splitting S into
SI and its complement allows us to reuse the results in Sec.
V-A and Sec. V-B1.
We obtain a compact representation of g˜(f), an approxima-
tion of the equivalent SISO channel. The integral in (18) can
be evaluated over the two regions SI and S \ SI as
g˜(f) =
∫
SI
1
2pi`(x, y)
ejψdes(x,y)e−jω`(x,y)dxdy︸ ︷︷ ︸
T1
+
∫
S\SI
1
2pi`(x, y)
ejψdes(x,y)e−jω`(x,y)dxdy︸ ︷︷ ︸
T2
. (42)
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<latexit sha1_base64="l29WxoUb9DE bvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/Y A2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3N ru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZ An6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC 33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83q pCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPc mte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnv Yz9</latexit><latexit sha1_base64="l29WxoUb9DE bvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/Y A2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3N ru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZ An6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC 33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83q pCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPc mte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnv Yz9</latexit><latexit sha1_base64="l29WxoUb9DE bvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/Y A2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3N ru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZ An6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC 33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83q pCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPc mte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnv Yz9</latexit><latexit sha1_base64="l29WxoUb9DE bvmhLG7jHtZ0OU24=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/Y A2lM120q7dbMLuRgihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3N ru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/mdJ1Sax/LBZ An6ER1JHnJGjZWa2aBSdWvuHGSVeAWpQoHGoPLVH8YsjVAaJqjWPc9NjJ9TZTgTOC 33U40JZRM6wp6lkkao/Xx+6JScW2VIwljZkobM1d8TOY20zqLAdkbUjPWyNxP/83q pCW/8nMskNSjZYlGYCmJiMvuaDLlCZkRmCWWK21sJG1NFmbHZlG0I3vLLq6R9WfPc mte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfnv Yz9</latexit>
z
<latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="hP+6LrUf2 d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQ puHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQU BN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6 f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJx a0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9 bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblY kJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2 suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="HtuNhRW33 vYW3sGgbKcmQI4/F8E=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQ puHHZgn1AW0omvdPGZjJDckeoQ3+BGxeK+Lfc+W9MHwttPRD4OCch954wVdKS 7397ha3tnd294n7poHx4dFw5KbdskhmBTZGoxHRCblFJjU2SpLCTGuRxqLAdT u7mefsJjZWJfqBpiv2Yj7SMpODkrMbzoFL1a/5CbBOCFVRhpfqg8tUbJiKLU ZNQ3Npu4KfUz7khKRTOSr3MYsrFhI+w61DzGG0/Xww6YxfOGbIoMe5oYgv394 ucx9ZO49DdjDmN7Xo2N//LuhlFN/1c6jQj1GL5UZQpRgmbb82G0qAgNXXAhZ FuVibG3HBBrpuSKyFYX3kTWle1wK8FDR+KcAbncAkBXMMt3EMdmiAA4QXe4N1 79F69j2VdBW/V2yn8kff5A9SFi6s=</latexit><latexit sha1_base64="HtuNhRW33 vYW3sGgbKcmQI4/F8E=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQ puHHZgn1AW0omvdPGZjJDckeoQ3+BGxeK+Lfc+W9MHwttPRD4OCch954wVdKS 7397ha3tnd294n7poHx4dFw5KbdskhmBTZGoxHRCblFJjU2SpLCTGuRxqLAdT u7mefsJjZWJfqBpiv2Yj7SMpODkrMbzoFL1a/5CbBOCFVRhpfqg8tUbJiKLU ZNQ3Npu4KfUz7khKRTOSr3MYsrFhI+w61DzGG0/Xww6YxfOGbIoMe5oYgv394 ucx9ZO49DdjDmN7Xo2N//LuhlFN/1c6jQj1GL5UZQpRgmbb82G0qAgNXXAhZ FuVibG3HBBrpuSKyFYX3kTWle1wK8FDR+KcAbncAkBXMMt3EMdmiAA4QXe4N1 79F69j2VdBW/V2yn8kff5A9SFi6s=</latexit><latexit sha1_base64="/VpXkFonZ 7oqnzGnYgpVrbAMIVo=">AAAB6HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc2UhJ tLCGRjwQuZG+Zg5W9vcvungle+AU2Fhpj60+y89+4wBUKvmSSl/dmMjMvSATX xnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBn WByO/c7j6g0j+W9mSboR3QkecgZNVZqPg3KFbfqLkDWiZeTCuRoDMpf/WHM0 gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv 09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLa FMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/WabqV+k8dRhDM4h0vw4BrqcAcNaAE DhGd4hTfnwXlx3p2PZWvByWdO4Q+czx/oAYz6</latexit><latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit><latexit sha1_base64="HDzXchlsP lmuEyZZ/9zFJ+iVC6I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GP Ri8cW7Ae0oWy2k3btZhN2N0IN/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiu jet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC2 8H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYp RFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQuf p7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsY Qyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyY wQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB6UGM/g==</latexit>
( ` sin , 0, ` cos )
<latexit sha1_base64="i46i lHZnPXW1DKHWR1mfkQKDRsg=">AAACJ3icbVDLSgMxFM34rPU16 tJNsAgVapkRQVdSdOOygn1AZyiZNNOGJpkhyQhl6N+48VfcCCq iS//ETDuKth4IHM45l9x7gphRpR3nw1pYXFpeWS2sFdc3Nre27Z 3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8CrzW3dEKhqJW z2Kic9RX9CQYqSN1LUvysceYcyrQI8jPZA8VVSModdHnKMKdIxu bGj8nwCO1HfgqGuXnKozAZwnbk5KIEe9az97vQgnnAiNGVKq4zq x9lMkNcWMjIteokiM8BD1ScdQgThRfjq5cwwPjdKDYSTNExpO1 N8TKeJKjXhgktmuatbLxP+8TqLDcz+lIk40EXj6UZgwqCOYlQZ7 VBKs2cgQhCU1u0I8QBJhbaotmhLc2ZPnSfOk6jpV9+a0VLvM6yi AfXAAysAFZ6AGrkEdNAAG9+ARvIBX68F6st6s92l0wcpn9sAfWJ 9fVl+kZg==</latexit><latexit sha1_base64="i46i lHZnPXW1DKHWR1mfkQKDRsg=">AAACJ3icbVDLSgMxFM34rPU16 tJNsAgVapkRQVdSdOOygn1AZyiZNNOGJpkhyQhl6N+48VfcCCq iS//ETDuKth4IHM45l9x7gphRpR3nw1pYXFpeWS2sFdc3Nre27Z 3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8CrzW3dEKhqJW z2Kic9RX9CQYqSN1LUvysceYcyrQI8jPZA8VVSModdHnKMKdIxu bGj8nwCO1HfgqGuXnKozAZwnbk5KIEe9az97vQgnnAiNGVKq4zq x9lMkNcWMjIteokiM8BD1ScdQgThRfjq5cwwPjdKDYSTNExpO1 N8TKeJKjXhgktmuatbLxP+8TqLDcz+lIk40EXj6UZgwqCOYlQZ7 VBKs2cgQhCU1u0I8QBJhbaotmhLc2ZPnSfOk6jpV9+a0VLvM6yi AfXAAysAFZ6AGrkEdNAAG9+ARvIBX68F6st6s92l0wcpn9sAfWJ 9fVl+kZg==</latexit><latexit sha1_base64="i46i lHZnPXW1DKHWR1mfkQKDRsg=">AAACJ3icbVDLSgMxFM34rPU16 tJNsAgVapkRQVdSdOOygn1AZyiZNNOGJpkhyQhl6N+48VfcCCq iS//ETDuKth4IHM45l9x7gphRpR3nw1pYXFpeWS2sFdc3Nre27Z 3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8CrzW3dEKhqJW z2Kic9RX9CQYqSN1LUvysceYcyrQI8jPZA8VVSModdHnKMKdIxu bGj8nwCO1HfgqGuXnKozAZwnbk5KIEe9az97vQgnnAiNGVKq4zq x9lMkNcWMjIteokiM8BD1ScdQgThRfjq5cwwPjdKDYSTNExpO1 N8TKeJKjXhgktmuatbLxP+8TqLDcz+lIk40EXj6UZgwqCOYlQZ7 VBKs2cgQhCU1u0I8QBJhbaotmhLc2ZPnSfOk6jpV9+a0VLvM6yi AfXAAysAFZ6AGrkEdNAAG9+ARvIBX68F6st6s92l0wcpn9sAfWJ 9fVl+kZg==</latexit><latexit sha1_base64="i46i lHZnPXW1DKHWR1mfkQKDRsg=">AAACJ3icbVDLSgMxFM34rPU16 tJNsAgVapkRQVdSdOOygn1AZyiZNNOGJpkhyQhl6N+48VfcCCq iS//ETDuKth4IHM45l9x7gphRpR3nw1pYXFpeWS2sFdc3Nre27Z 3dpooSiUkDRyyS7QApwqggDU01I+1YEsQDRlrB8CrzW3dEKhqJW z2Kic9RX9CQYqSN1LUvysceYcyrQI8jPZA8VVSModdHnKMKdIxu bGj8nwCO1HfgqGuXnKozAZwnbk5KIEe9az97vQgnnAiNGVKq4zq x9lMkNcWMjIteokiM8BD1ScdQgThRfjq5cwwPjdKDYSTNExpO1 N8TKeJKjXhgktmuatbLxP+8TqLDcz+lIk40EXj6UZgwqCOYlQZ7 VBKs2cgQhCU1u0I8QBJhbaotmhLc2ZPnSfOk6jpV9+a0VLvM6yi AfXAAysAFZ6AGrkEdNAAG9+ARvIBX68F6st6s92l0wcpn9sAfWJ 9fVl+kZg==</latexit>
( ` sin , 0, 0)
<latexit sha1_base64="jyiz BH3BmPH85sRq+f5Ex56ZVk8=">AAACDHicbVDLSgMxFL1TX7W+ qi7dBItQoZYZEXRZdOOygn1AZyiZNG1Dk8yQZIQy9APc+CtuXC ji1g9w59+YtrPQ1ksCh3PO5d57wpgzbVz328mtrK6tb+Q3C1vbO 7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gaqtx6 o0iyS92Yc00DggWR9RrCxVLdYKp/5lHO/gnyBzVCJVDM5Qf4AC 4EryLXv1LrcqjsrtAy8DJQgq3q3+OX3IpIIKg3hWOuO58YmSLEy jHA6KfiJpjEmIzygHQslFlQH6eyYCTqxTA/1I2W/NGjG/u5Isd B6LELrnG6sF7Up+Z/WSUz/KkiZjBNDJZkP6iccmQhNk0E9pigx fGwBJorZXREZYoWJsfkVbAje4snLoHle9dyqd3dRql1nceThCI 6hDB5cQg1uoQ4NIPAIz/AKb86T8+K8Ox9za87Jeg7hTzmfP5wTm WY=</latexit><latexit sha1_base64="jyiz BH3BmPH85sRq+f5Ex56ZVk8=">AAACDHicbVDLSgMxFL1TX7W+ qi7dBItQoZYZEXRZdOOygn1AZyiZNG1Dk8yQZIQy9APc+CtuXC ji1g9w59+YtrPQ1ksCh3PO5d57wpgzbVz328mtrK6tb+Q3C1vbO 7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gaqtx6 o0iyS92Yc00DggWR9RrCxVLdYKp/5lHO/gnyBzVCJVDM5Qf4AC 4EryLXv1LrcqjsrtAy8DJQgq3q3+OX3IpIIKg3hWOuO58YmSLEy jHA6KfiJpjEmIzygHQslFlQH6eyYCTqxTA/1I2W/NGjG/u5Isd B6LELrnG6sF7Up+Z/WSUz/KkiZjBNDJZkP6iccmQhNk0E9pigx fGwBJorZXREZYoWJsfkVbAje4snLoHle9dyqd3dRql1nceThCI 6hDB5cQg1uoQ4NIPAIz/AKb86T8+K8Ox9za87Jeg7hTzmfP5wTm WY=</latexit><latexit sha1_base64="jyiz BH3BmPH85sRq+f5Ex56ZVk8=">AAACDHicbVDLSgMxFL1TX7W+ qi7dBItQoZYZEXRZdOOygn1AZyiZNG1Dk8yQZIQy9APc+CtuXC ji1g9w59+YtrPQ1ksCh3PO5d57wpgzbVz328mtrK6tb+Q3C1vbO 7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gaqtx6 o0iyS92Yc00DggWR9RrCxVLdYKp/5lHO/gnyBzVCJVDM5Qf4AC 4EryLXv1LrcqjsrtAy8DJQgq3q3+OX3IpIIKg3hWOuO58YmSLEy jHA6KfiJpjEmIzygHQslFlQH6eyYCTqxTA/1I2W/NGjG/u5Isd B6LELrnG6sF7Up+Z/WSUz/KkiZjBNDJZkP6iccmQhNk0E9pigx fGwBJorZXREZYoWJsfkVbAje4snLoHle9dyqd3dRql1nceThCI 6hDB5cQg1uoQ4NIPAIz/AKb86T8+K8Ox9za87Jeg7hTzmfP5wTm WY=</latexit><latexit sha1_base64="jyiz BH3BmPH85sRq+f5Ex56ZVk8=">AAACDHicbVDLSgMxFL1TX7W+ qi7dBItQoZYZEXRZdOOygn1AZyiZNG1Dk8yQZIQy9APc+CtuXC ji1g9w59+YtrPQ1ksCh3PO5d57wpgzbVz328mtrK6tb+Q3C1vbO 7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gaqtx6 o0iyS92Yc00DggWR9RrCxVLdYKp/5lHO/gnyBzVCJVDM5Qf4AC 4EryLXv1LrcqjsrtAy8DJQgq3q3+OX3IpIIKg3hWOuO58YmSLEy jHA6KfiJpjEmIzygHQslFlQH6eyYCTqxTA/1I2W/NGjG/u5Isd B6LELrnG6sF7Up+Z/WSUz/KkiZjBNDJZkP6iccmQhNk0E9pigx fGwBJorZXREZYoWJsfkVbAje4snLoHle9dyqd3dRql1nceThCI 6hDB5cQg1uoQ4NIPAIz/AKb86T8+K8Ox9za87Jeg7hTzmfP5wTm WY=</latexit>
RX
PRX
<latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit><latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit><latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit><latexit sha1_base64="hP+ 6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1 L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF2 5EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfz jk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+ gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7K DDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk 7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESa rH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77 odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569L O4I+8zx84xIo4</latexit><latexit sha1_base64="gYO aigTFn02R30w5nBmeuMGQ9Fk=">AAAB9nicbZBPS8MwGMbf+ nfOqdWT4CU4BE+j9aJHwYvHKe4PbKWkWbqFJWlJUmGUevGreP GgiB/Fm9/GtNtBNx8I/HiehLzvE6WcaeN5387a+sbm1nZtp77 b2Ns/cA8bXZ1kitAOSXii+hHWlDNJO4YZTvupolhEnPai6U2 Z9x6p0iyRD2aW0kDgsWQxI9hYK3SPhwKbSRTl7SLMK1Yiv+8X Reg2vZZXCa2Cv4AmLNQO3a/hKCGZoNIQjrUe+F5qghwrwwinR X2YaZpiMsVjOrAosaA6yKsNCnRmnRGKE2WPNKhyf7/IsdB6J iJ7s5xRL2el+V82yEx8FeRMppmhksw/ijOOTILKOtCIKUoMn1 nARDE7KyITrDAxtrS6LcFfXnkVuhct32v5dx7U4ARO4Rx8uIR ruIU2dIDAE7zAG7w7z86r8zGva81Z9HYEf+R8/gD4oZYf</l atexit><latexit sha1_base64="gYO aigTFn02R30w5nBmeuMGQ9Fk=">AAAB9nicbZBPS8MwGMbf+ nfOqdWT4CU4BE+j9aJHwYvHKe4PbKWkWbqFJWlJUmGUevGreP GgiB/Fm9/GtNtBNx8I/HiehLzvE6WcaeN5387a+sbm1nZtp77 b2Ns/cA8bXZ1kitAOSXii+hHWlDNJO4YZTvupolhEnPai6U2 Z9x6p0iyRD2aW0kDgsWQxI9hYK3SPhwKbSRTl7SLMK1Yiv+8X Reg2vZZXCa2Cv4AmLNQO3a/hKCGZoNIQjrUe+F5qghwrwwinR X2YaZpiMsVjOrAosaA6yKsNCnRmnRGKE2WPNKhyf7/IsdB6J iJ7s5xRL2el+V82yEx8FeRMppmhksw/ijOOTILKOtCIKUoMn1 nARDE7KyITrDAxtrS6LcFfXnkVuhct32v5dx7U4ARO4Rx8uIR ruIU2dIDAE7zAG7w7z86r8zGva81Z9HYEf+R8/gD4oZYf</l atexit><latexit sha1_base64="O+m LpIr8Gskbjzniv/u3Yw6ATyU=">AAACAXicbZDLSsNAFIZP6 q3WW9SN4GawCK5K4kaXRTcuq9gLtCFMptN26GQSZiZCCXHjq7 hxoYhb38Kdb+MkzUJbfxj4+M85zDl/EHOmtON8W5WV1bX1jep mbWt7Z3fP3j/oqCiRhLZJxCPZC7CinAna1kxz2oslxWHAaTe YXuf17gOVikXiXs9i6oV4LNiIEayN5dtHgxDrSRCkrcxPC5Zh etfLMt+uOw2nEFoGt4Q6lGr59tdgGJEkpEITjpXqu06svRRLz QinWW2QKBpjMsVj2jcocEiVlxYXZOjUOEM0iqR5QqPC/T2R4 lCpWRiYznxHtVjLzf9q/USPLr2UiTjRVJD5R6OEIx2hPA40ZJ ISzWcGMJHM7IrIBEtMtAmtZkJwF09ehs55w3Ua7q1Tb16VcVT hGE7gDFy4gCbcQAvaQOARnuEV3qwn68V6tz7mrRWrnDmEP7I +fwB7vZeH</latexit><latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit><latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit><latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit><latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit><latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit><latexit sha1_base64="zdg tfrhrbEhTjt0cGv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6 l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYWYilBA3vo obF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X 12sbm1vaOvbvXUVEiCW2TiEeyG2BFOQtpWzPNaTeWFIuA0/t gcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+WrAU 6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsN SOcZrV+omiMyQSPaM9giAVVXlpckKFj4wzQMJLmhRoV7u+JF AulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZ OUaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4 qHMIRnIAL59CEa2hBGwg8wjO8wpv1ZL1Y79bHrLVilTP78Ef W5w98/ZeL</latexit>
ITX
S
<latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AA AB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmlt fWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4l fkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1k HGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsf i9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AA AB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmlt fWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4l fkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1k HGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsf i9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AA AB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmlt fWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4l fkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1k HGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsf i9GSU+wcwx84nz+LqJFp</latexit><latexit sha1_base64="6O+j2ReTf7i2r5nTMECVMv5i4AI=">AA AB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl047KifUAbymQ6aYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknTAQ36HnfTmlt fWNzq7xd2dnd2z+oHh61jUo1ZS2qhNLdkBgmuGQt5ChYN9GMxKFgnXBym/udJ6YNV/IRpwkLYjKSPOKUoJV6/ZjgmBKRPcwG1ZpX9+ZwV4l fkBoUaA6qX/2homnMJFJBjOn5XoJBRjRyKtis0k8NSwidkBHrWSpJzEyQzSPP3DOrDN1IafskunP190ZGYmOmcWgn84hm2cvF/7xeitF1k HGZpMgkXXwUpcJF5eb3u0OuGUUxtYRQzW1Wl46JJhRtSxVbgr988ippX9R9r+7fX9YaN0UdZTiBUzgHH66gAXfQhBZQUPAMr/DmoPPivDsf i9GSU+wcwx84nz+LqJFp</latexit>
R
<latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh6 9LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+h Q8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBk xsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh6 9LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+h Q8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBk xsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh6 9LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+h Q8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBk xsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh6 9LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+h Q8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBk xsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit>
(a) A near field scenario where PRX ∈ S.
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<latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="hP+6LrUf2d3tZald qaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR 2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5 jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GS S7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjd zDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77o dBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="gYOaigTFn02R30w5 nBmeuMGQ9Fk=">AAAB9nicbZBPS8MwGMbf+nfOqdWT4CU4BE+j9aJHwYvHKe4PbKWkWbqFJWlJUm GUevGrePGgiB/Fm9/GtNtBNx8I/HiehLzvE6WcaeN5387a+sbm1nZtp77b2Ns/cA8bXZ1kitAOS Xii+hHWlDNJO4YZTvupolhEnPai6U2Z9x6p0iyRD2aW0kDgsWQxI9hYK3SPhwKbSRTl7SLMK1Yiv +8XReg2vZZXCa2Cv4AmLNQO3a/hKCGZoNIQjrUe+F5qghwrwwinRX2YaZpiMsVjOrAosaA6yKsN CnRmnRGKE2WPNKhyf7/IsdB6JiJ7s5xRL2el+V82yEx8FeRMppmhksw/ijOOTILKOtCIKUoMn1n ARDE7KyITrDAxtrS6LcFfXnkVuhct32v5dx7U4ARO4Rx8uIRruIU2dIDAE7zAG7w7z86r8zGva81 Z9HYEf+R8/gD4oZYf</latexit><latexit sha1_base64="gYOaigTFn02R30w5 nBmeuMGQ9Fk=">AAAB9nicbZBPS8MwGMbf+nfOqdWT4CU4BE+j9aJHwYvHKe4PbKWkWbqFJWlJUm GUevGrePGgiB/Fm9/GtNtBNx8I/HiehLzvE6WcaeN5387a+sbm1nZtp77b2Ns/cA8bXZ1kitAOS Xii+hHWlDNJO4YZTvupolhEnPai6U2Z9x6p0iyRD2aW0kDgsWQxI9hYK3SPhwKbSRTl7SLMK1Yiv +8XReg2vZZXCa2Cv4AmLNQO3a/hKCGZoNIQjrUe+F5qghwrwwinRX2YaZpiMsVjOrAosaA6yKsN CnRmnRGKE2WPNKhyf7/IsdB6JiJ7s5xRL2el+V82yEx8FeRMppmhksw/ijOOTILKOtCIKUoMn1n ARDE7KyITrDAxtrS6LcFfXnkVuhct32v5dx7U4ARO4Rx8uIRruIU2dIDAE7zAG7w7z86r8zGva81 Z9HYEf+R8/gD4oZYf</latexit><latexit sha1_base64="O+mLpIr8Gskbjzni v/u3Yw6ATyU=">AAACAXicbZDLSsNAFIZP6q3WW9SN4GawCK5K4kaXRTcuq9gLtCFMptN26GQSZi ZCCXHjq7hxoYhb38Kdb+MkzUJbfxj4+M85zDl/EHOmtON8W5WV1bX1jepmbWt7Z3fP3j/oqCiRh LZJxCPZC7CinAna1kxz2oslxWHAaTeYXuf17gOVikXiXs9i6oV4LNiIEayN5dtHgxDrSRCkrcxPC 5ZhetfLMt+uOw2nEFoGt4Q6lGr59tdgGJEkpEITjpXqu06svRRLzQinWW2QKBpjMsVj2jcocEiV lxYXZOjUOEM0iqR5QqPC/T2R4lCpWRiYznxHtVjLzf9q/USPLr2UiTjRVJD5R6OEIx2hPA40ZJI SzWcGMJHM7IrIBEtMtAmtZkJwF09ehs55w3Ua7q1Tb16VcVThGE7gDFy4gCbcQAvaQOARnuEV3qw n68V6tz7mrRWrnDmEP7I+fwB7vZeH</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit><latexit sha1_base64="zdgtfrhrbEhTjt0c Gv8UgSGRNcg=">AAACAXicbZDNSsNAFIVv6l+tf1E3gpvBIrgqiQi6LLpxWcXWQhvCZDpth84kYW YilBA3voobF4q49S3c+TZO0iy09cDAx7n3MveeIOZMacf5tipLyyura9X12sbm1vaOvbvXUVEiC W2TiEeyG2BFOQtpWzPNaTeWFIuA0/tgcpXX7x+oVCwK7/Q0pp7Ao5ANGcHaWL590BdYj4MgbWV+W rAU6W03y3y77jScQmgR3BLqUKrl21/9QUQSQUNNOFaq5zqx9lIsNSOcZrV+omiMyQSPaM9giAVV XlpckKFj4wzQMJLmhRoV7u+JFAulpiIwnfmOar6Wm//VeokeXngpC+NE05DMPhomHOkI5XGgAZO UaD41gIlkZldExlhiok1oNROCO3/yInROG67TcG/O6s3LMo4qHMIRnIAL59CEa2hBGwg8wjO8wpv 1ZL1Y79bHrLVilTP78EfW5w98/ZeL</latexit>
⌦min(p)<latexit sha1_base64="kvBWkF5xqOshb1RxQJIKRHaeBoE=">AAACAXicbVDLSsNAFJ34rPUV dSO4GSxC3ZREBF0W3bizgn1AE8JkOmmHzkzCzEQoIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4uvC7D0Q qGot7PUmIz9FQ0IhipI0U2IfeLSdDFGQeR3okecapyPN6chrYNafhTAEXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfTD3J4YpQBjGJpSmg4VX9PZIgrNeGh6SzuVP NeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCEmEtQmtakJw519eJJ2zhus03LvzWvOqjKMCjsAxqAMXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8Ac4Mlxk=</lat exit><latexit sha1_base64="kvBWkF5xqOshb1RxQJIKRHaeBoE=">AAACAXicbVDLSsNAFJ34rPUV dSO4GSxC3ZREBF0W3bizgn1AE8JkOmmHzkzCzEQoIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4uvC7D0Q qGot7PUmIz9FQ0IhipI0U2IfeLSdDFGQeR3okecapyPN6chrYNafhTAEXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfTD3J4YpQBjGJpSmg4VX9PZIgrNeGh6SzuVP NeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCEmEtQmtakJw519eJJ2zhus03LvzWvOqjKMCjsAxqAMXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8Ac4Mlxk=</lat exit><latexit sha1_base64="kvBWkF5xqOshb1RxQJIKRHaeBoE=">AAACAXicbVDLSsNAFJ34rPUV dSO4GSxC3ZREBF0W3bizgn1AE8JkOmmHzkzCzEQoIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4uvC7D0Q qGot7PUmIz9FQ0IhipI0U2IfeLSdDFGQeR3okecapyPN6chrYNafhTAEXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfTD3J4YpQBjGJpSmg4VX9PZIgrNeGh6SzuVP NeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCEmEtQmtakJw519eJJ2zhus03LvzWvOqjKMCjsAxqAMXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8Ac4Mlxk=</lat exit><latexit sha1_base64="kvBWkF5xqOshb1RxQJIKRHaeBoE=">AAACAXicbVDLSsNAFJ34rPUV dSO4GSxC3ZREBF0W3bizgn1AE8JkOmmHzkzCzEQoIW78FTcuFHHrX7jzb5y0WWjrgQuHc+7l3nvChFGlHefbWlpeWV1br2xUN7e2d3btvf2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4uvC7D0Q qGot7PUmIz9FQ0IhipI0U2IfeLSdDFGQeR3okecapyPN6chrYNafhTAEXiVuSGijRCuwvbxDjlBOhMUNK9V0n0X6GpKaYkbzqpYokCI/RkPQNFYgT5WfTD3J4YpQBjGJpSmg4VX9PZIgrNeGh6SzuVP NeIf7n9VMdXfoZFUmqicCzRVHKoI5hEQccUEmwZhNDEJbU3ArxCEmEtQmtakJw519eJJ2zhus03LvzWvOqjKMCjsAxqAMXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+wPr8Ac4Mlxk=</lat exit>
⌦ma
x(p
)
<latexit sha1_base64="AtfYlNZLRATOKCNhkf3O3P/KsoQ=">AAACAXicbVDLSsNAFJ3UV62vqBvB zWAR6qYkIuiy6MadFewDmhAm02k7dGYSZiZiCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA8Z6YTjq9zv3BOpaCTu9CQmPkd DQQcUI22kwD7wbjgZoiD1ONIjyVOOHrKsFp8EdtWpO1PAReIWpAoKNAP7y+tHOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IMMHhulDweRNCU0nKq/J1LElZrw0HTmd6p5Lxf/83qJHlz4KRVxo onAs0WDhEEdwTwO2KeSYM0mhiAsqbkV4hGSCGsTWsWE4M6/vEjap3XXqbu3Z9XGZRFHGRyCI1ADLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHRFpcb</latexit><latexit sha1_base64="AtfYlNZLRATOKCNhkf3O3P/KsoQ=">AAACAXicbVDLSsNAFJ3UV62vqBvB zWAR6qYkIuiy6MadFewDmhAm02k7dGYSZiZiCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA8Z6YTjq9zv3BOpaCTu9CQmPkd DQQcUI22kwD7wbjgZoiD1ONIjyVOOHrKsFp8EdtWpO1PAReIWpAoKNAP7y+tHOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IMMHhulDweRNCU0nKq/J1LElZrw0HTmd6p5Lxf/83qJHlz4KRVxo onAs0WDhEEdwTwO2KeSYM0mhiAsqbkV4hGSCGsTWsWE4M6/vEjap3XXqbu3Z9XGZRFHGRyCI1ADLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHRFpcb</latexit><latexit sha1_base64="AtfYlNZLRATOKCNhkf3O3P/KsoQ=">AAACAXicbVDLSsNAFJ3UV62vqBvB zWAR6qYkIuiy6MadFewDmhAm02k7dGYSZiZiCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA8Z6YTjq9zv3BOpaCTu9CQmPkd DQQcUI22kwD7wbjgZoiD1ONIjyVOOHrKsFp8EdtWpO1PAReIWpAoKNAP7y+tHOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IMMHhulDweRNCU0nKq/J1LElZrw0HTmd6p5Lxf/83qJHlz4KRVxo onAs0WDhEEdwTwO2KeSYM0mhiAsqbkV4hGSCGsTWsWE4M6/vEjap3XXqbu3Z9XGZRFHGRyCI1ADLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHRFpcb</latexit><latexit sha1_base64="AtfYlNZLRATOKCNhkf3O3P/KsoQ=">AAACAXicbVDLSsNAFJ3UV62vqBvB zWAR6qYkIuiy6MadFewDmhAm02k7dGYSZiZiCXHjr7hxoYhb/8Kdf+OkzUJbD1w4nHMv994Txowq7TjfVmlpeWV1rbxe2djc2t6xd/faKkokJi0csUh2Q6QIo4K0NNWMdGNJEA8Z6YTjq9zv3BOpaCTu9CQmPkd DQQcUI22kwD7wbjgZoiD1ONIjyVOOHrKsFp8EdtWpO1PAReIWpAoKNAP7y+tHOOFEaMyQUj3XibWfIqkpZiSreIkiMcJjNCQ9QwXiRPnp9IMMHhulDweRNCU0nKq/J1LElZrw0HTmd6p5Lxf/83qJHlz4KRVxo onAs0WDhEEdwTwO2KeSYM0mhiAsqbkV4hGSCGsTWsWE4M6/vEjap3XXqbu3Z9XGZRFHGRyCI1ADLjgHDXANmqAFMHgEz+AVvFlP1ov1bn3MWktWMbMP/sD6/AHRFpcb</latexit>
S \ SI
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(b) Top view of the system in Fig. 9a.
Fig. 9: A scenario where PRX, the projection of the RX on the plane
containing the ITX, lies inside S which is a disc of radius R. The
set SI contains the ITX coordinates which are within a distance of
R− ` sinγ from PRX.
To simplify (42), we use a circular coordinate system with PRX
as the center. The radius and the angle in this system are de-
noted by p and Ω. We observe that `(x, y) =
√
p2 + `2cos2γ
and set u =
√
p2 + `2cos2γ. Now, the first term T1 in (42)
involves an integral over SI, i.e., a disc of radius R− ` sinγ.
This integral has the same structure as (19) and can be
simplified to
T1 =
∫ √`2cos2γ+(R−` sinγ)2
u=` cosγ
ejψ(u)e−jωudu. (43)
For the integral over S \ SI, it can be shown that the second
term T2 in (42) takes the same form as (30). The limits of
integration, however, are different as p ∈ [R − ` sinγ,R +
` sinγ] for the ITX coordinates in S \ SI. Using the same
arguments in Sec. V-B1, we express T2 as
T2 =
∫ √`2cos2γ+(R+` sinγ)2
u=
√
`2cos2γ+(R−` sinγ)2
a(u)ejψ(u)e−jωudu. (44)
To express g˜(f) in compact form, we define a new amplitude
modulation function
b(u) =

1 ` cosγ ≤ u ≤√`2cos2γ + (R− ` sinγ)2
.
a(u)
√
`2cos2γ + (R− ` sinγ)2 < u
≤√`2cos2γ + (R+ ` sinγ)2
.
(45)
Substituting T1 and T2 in (42), we can express g˜(f) as
g˜(f) =
∫ √`2cos2γ+(R+` sinγ)2
u=` cosγ
b(u)ejψ(u)e−jωudu. (46)
As (46) has the same structure as (34), the stationary phase
method can be used to design ψ(u), i.e., the phase profile of
the non-linear FMCW chirp, so that |g˜(f)|2 is “uniform” over
the desired bandwidth.
We now describe the chirp signal designed with the sta-
tionary phase method. In this method, the second derivative
of ψ(u) is proportional to b2(u). From (46), we observe
that the chirp signal with a phase profile of ψ(u) starts at
u = ` cosγ and ends at u =
√
`2cos2γ + (R+ ` sinγ)2. We
consider a near field scenario with ` = 15 cm, γ = 15
◦
, and
R = 10 cm. In this scenario, PRX ∈ S and the corresponding
amplitude modulation function is shown in Fig. 10a. We plot
the instantaneous frequency of the chirp in Fig. 10b and the
phase function ψ(u) in Fig. 10c. We use a bandwidth of
40 GHz around fc = 300 GHz to derive the phase function
in Fig. 10c. The 2D-phase profile ψdes(x, y) associated with
the designed chirp is computed using (41) and is shown in
Fig. 11a. When the phase profile in Fig. 11b is applied at
the TX, it can be observed from Fig. 11c that the equivalent
SISO channel g(f) is approximately constant over the desired
frequency band.
VI. ACHIEVABLE RATE WITH INFOCUS
In this section, we describe the simulation setup and explain
how to compute the achievable rate with the equivalent SISO
channel obtained after beamforming. Then, we study the rate
achieved with InFocus and standard beamforming as a function
of the RX location, the operating bandwidth and the resolution
of phase shifters.
We consider a near field system in Fig. 1b with a circular
planar array of radius R = 10 cm at the TX and a single an-
tenna RX. We assume that the location of the RX, equivalently
the channel h(x, y, f), is known to the TX. We use a carrier
frequency of fc = 300 GHz. The spacing between the antenna
elements at the TX is ∆ = λc/2, which is 0.5 mm. For the
half-wavelength spaced circular planar array at the TX, the
number of antennas is Ntx = 124, 980. The total power trans-
mitted by the TX array is set to 1 mW. We use q to denote the
resolution of the RF phase shifters at the TX. The phase shift
alphabet has 2q uniformly spaced angles in [0, 2pi) defined
by the set Qq = {0, 2pi/2q, 4pi/2q, · · · , 2pi(2q − 1)/2q}. The
phase profiles derived with standard beamforming and InFocus
take continuous values in [0, 2pi). The entries of these phase
profiles are quantized to the nearest element in the set Qq
and the quantized phase shifts are applied to the TX array
for beamforming. The equivalent SISO channels with InFocus
and standard beamforming are calculated using (3).
The achievable rate corresponding to an equivalent SISIO
channel is computed using the procedure in [17]. In this
procedure, the wideband channel over f ∈ [fc−B/2, fc+B/2]
is first split into Nsub sub-bands. We define {fk}Nsubk=1 as Nsub
equally spaced frequencies in [fc−B/2, fc+B/2]. The power
allocated over the kth sub-band is defined as ηk and the
corresponding power density is ηkNsub/B. The total transmit
power is defined as η =
∑Nsub
k=1 ηk. The equivalent channel
gain for a sub-band centered at f is |g(f)|2 where g(f) is
defined in (3). We use the frequency selective thermal noise
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Fig. 10: The amplitude modulation function b(u) is 1 for the ITX coordinates that lie within SI. In this example, ` = 15 cm, γ = 15◦ and
R = 10 cm. A bandwidth of 40 GHz is used at fc = 300 GHz. The instantaneous frequency and the phase profile of the designed chirp are
shown in Fig. 10b and Fig. 10c.
(a) Phase profile ψdes(x, y). (b) ψdes(x, y) + φstd(x, y).
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Fig. 11: An example of the discrete chirp-based phase profile designed with InFocus is shown in Fig. 11a for ∆ = 0.5 mm. Here,
B = 40 GHz, fc = 300 GHz, ` = 15 cm, γ = 15◦ and R = 10 cm. For such parameters, PRX ∈ S. The equivalent channel gains achieved
with InFocus and the standard beamformer are shown in Fig. 11c.
model discussed in [17]. We define n(f) as the noise power
spectral density (PSD), } as the Planck’s constant, kbtz as the
Boltzmann’s constant, and T as the system temperature. The
noise PSD is then [17]
n(f) =
}f
kbtzT
exp
(
}f
kbtzT
)
− 1
. (47)
The achievable rate corresponding to the equivalent SISO
system is expressed as [17]
R =
B
Nsub
Nsub∑
k=1
log2
(
1 +
ηkNsub|g(fk)|2
n(fk)B
)
. (48)
In our simulations, we use Nsub = 512, T = 290 Kelvin,
} = 6.625 × 10−34 Joule.sec and kbtz = 1.3806 ×
10−23 Joule/Kelvin. A transmit power of η = 1 mW is
distributed across different sub-bands using water filling-based
power allocation to maximize the rate. As the equivalent
SISO channel with standard beamforming has a large gain
at frequencies close to fc, the water filling method allocates
higher power around fc when compared to other frequencies.
The equivalent SISO channel with InFocus, however, has
a “constant” gain over the desired frequency band. In this
case, the water filling technique achieves “uniform” power
allocation over the desired bandwidth.
We now investigate the rate achieved with InFocus as a
function of the RX location. We use B = 40 GHz and set the
resolution of the phase shifters to q = 2 bits. In a boresight
scenario where γ = 0◦, we observe from Fig. 12a that standard
beamforming results in a lower rate than InFocus for ` ≤
35 cm due to the misfocus effect in the near field regime. The
rate with both the techniques, however, is the same for ` ≥
40 cm due to the reduced misfocus effect at larger distances.
For large distances, the misfocus effect is same as the beam
squint effect which does not occur in the boresight direction
[10]. For angles γ = 30◦ and 60◦, the rate with InFocus is
higher than the one achieved by the standard design at all
distances. The superior performance achieved with InFocus
at large distances makes it promising for misfocus and beam
squint robust transmission in wideband systems. From Fig.
12b, we note that standard design performs poor for a large γ.
The phase profile constructed with InFocus allows an efficient
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use of the operating bandwidth than the standard design for
all γ ∈ [−75◦, 75◦].
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(b) Achievable rate with angle γ.
Fig. 12: We observe from Fig. 12a that InFocus achieves a higher
rate than standard beamforming for γ = 30◦ and 60◦. In a boresight
setting, standard beamforming achieves the same rate as InFocus for
` ≥ 40 cm. This is because beam squint, the analogue of misfocus in
the far field, does not occur along the boresight direction. Fig. 12b
shows that InFocus performs better than standard beamforming for
all angles in [−75◦, 75◦].
Now, we discuss a performance benchmark based on stan-
dard beamforming with a thinned array. Thinning is a tech-
nique where a set of antennas in an array are turned off to
reduce the effective aperture. We study standard beamforming
with a radially thinned array. In this configuration, the antennas
outside a disc of radius r are switched off and the standard
phase profile φstd(x, y) is applied for the active antennas. We
define δ as the fraction of antennas that are active in the
thinned array. Here, δ ≈ r2/R2. Under the per-antenna power
constraint, the magnitude of the beamforming weights at the
active antennas is 1/
√
Ntx, and the norm of the beamformer
is δ. We observe that a smaller δ corresponds to a smaller
aperture. Although reducing the aperture mitigates misfocus, it
results in a lower beamforming gain at fc as shown in Fig. 13a.
The poor gain when compared to the full aperture scenario
is due to a lower total transmit power under the per-antenna
power constraint. We observe from Fig. 13b that the thinned
array-based approach results in a lower rate than InFocus for
any δ. InFocus performs better as it activates all the antennas
while achieving robustness to misfocus.
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(a) 20 log10|g(f)| with frequency for different beamformers.
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Fig. 13: In Fig. 13a, we consider a boresight scenario with ` = 15 cm,
B = 40 GHz and q = 2 bits. Standard beamformer achieves
a reasonable gain over the desired bandwidth when the fraction
of active antennas is δ = 0.36. The gain, however, is less than
that achieved with InFocus under the per-antenna power constraint.
Fig. 13b shows that InFocus achieves a higher rate than standard
beamforming using a thinned array for any δ.
We would like to highlight that InFocus adapts its beam
according to the operating bandwidth. For example, the phase
profile corresponding to (27) linearly increases with the band-
width B. Standard beamforming, however, designs a beam that
is agnostic to the bandwidth and suffers from the misfocus
effect. In Fig. 14a, we plot the achievable rate as a function
of the operating bandwidth for a near field system with
q = 2 bit phase shifters at the TX and ` = 15 cm. As the
misfocus effect is prominent in systems operating over wide
bandwidths, the standard beamforming method performs poor
at such bandwidths. It can be noticed from Fig. 14a that the
use of InFocus in wideband systems results in higher rates than
standard beamforming. We study the performance of InFocus-
based beamforming with the resolution of RF phase shifters
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in Fig. 14b. InFocus-based beams performs better than the
standard design even under coarse phase quantization using
one- or two-bits. We believe that InFocus marks an important
step towards achieving high speed data transmission using
phase shifter-based arrays.
5 10 20 30 40 50 60 70 80
0
1
2
3
4
5
6
7
(a) Rate with the operating bandwidth B.
1 2 3 4 5
1.5
2
2.5
3
3.5
4
(b) Rate with the resolution of phase shifters.
Fig. 14: In this example, we use ` = 15 cm and γ ∈ {0◦, 30◦, 60◦}.
InFocus adapts the phase profile, equivalently the beam, according to
the operating bandwidth and performs better than the standard design
as seen in Fig. 14a. From Fig. 14b, we observe that InFocus achieves
a higher rate even under coarse phase quantization.
VII. CONCLUSIONS AND FUTURE WORK
Near field beams focus the RF signals in a spatial region
instead of a direction. The use of massive phased arrays to
realize near field beams, however, results in a misfocus effect
in wideband systems with standard center frequency-based
beamforming. Such an issue arises because the region of focus
changes with the frequency of the RF signal. In this paper,
we studied the misfocus effect for receivers in the boresight
direction of the transmit array. Furthermore, we proposed
a spatial FMCW chirp-based beam that achieves robustness
to misfocus in a boresight setting. We also extended our
design to scenarios where the receiver does not lie along the
boresight direction. Our extension used the stationary phase
method which resulted in a non-linear spatial FMCW chirp
for robustness to misfocus. Beamforming with the proposed
design achieves a uniform gain over a wide bandwidth and a
higher rate than the standard design.
InFocus solves an important problem in near field LoS
systems under certain assumptions. These assumptions include
perfect polarization alignment between the TX and the RX, the
use of a single antenna RX, perfect channel state information,
and the absence of reflectors in the propagation environment.
In future, we will relax these assumptions to develop new
techniques for misfocus compensation in richer propagation
scenarios.
APPENDIX
A. Equivalent channel with standard beamforming
We simplify ga,std(f), an approximation of the equivalent
SISO channel with standard beamforming. As the integrand in
(9) is independent of the angle θ, we can integrate over this
angle to write
ga,std(f) =
c√
piRf∆
∫ R
r=0
1√
r2 + `2
e−j
2pi(f−fc)
√
r2+`2
c rdr.
(49)
We now use the definition of ω in (11) and s =
√
r2 + `2.
The integral in (49) is then
ga,std(f) =
c√
piRf∆
∫ √R2+`2
s=`
e−jωsds. (50)
The integral in (50) is the Fourier transform of a rectangular
function which is 1 for s ∈ [`,√R2 + `2]. The Fourier
transform of this function can be expressed in terms of the
sinc function defined as sinc(x) = sin(x)/x. We note that∫ b
s=a
e−jωsds = (b− a)e−jω(a+b)2 sinc
(
ω(b− a)
2
)
. (51)
We put these observations in (50) to obtain the result in (12).
B. Chirp amplitude modulation function a(u)
A closed form expression for a(u) = (Ωmax(p) −
Ωmin(p))/(2pi) can be computed using geometry. We observe
from Fig. 6b that a circle of radius p around PRX inter-
sects S at an arc. The angle made by this arc at PRX is
Ωmax(p) − Ωmin(p). In this section, we first compute this
angle in terms of p and then write a(u) as a function of
u =
√
p2 + `2cos2γ.
The angle Ωmax(p) can be found from the triangle OPRXQ
shown in Fig. 6b. The lengths of the sides of this triangle are
OPRX = ` sinγ, PRXQ = p and OQ = R. The cosine of the
angle at the vertex PRX is then [33]
cos Ωmax(p) =
p2 + `2 sin2γ −R2
2p` sinγ
. (52)
We notice from Fig. 6b that Ωmin(p) = −Ωmax(p) by
symmetry. The amplitude modulation function is then a(u) =
Ωmax(p)/pi. Putting this observation together with p =
15
√
u2 − `2cos2γ and the result in (52), we can express a(u)
as
a(u) =
1
pi
cos−1
(
u2 − `2cos2γ + `2 sin2γ −R2
2` sinγ
√
u2 − `2cos2γ
)
. (53)
An example of the amplitude modulation function in (53) is
shown in Fig. 7a.
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